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Abstract

The well-known Hammersley-Clifford Theorem states (under certain conditions) that any Markov
random field is a Gibbs state for a nearest neighbour interaction. Following Petersen and Schmidt
we utilise the formalism of cocycles for the homoclinic relation and introduce “Markov cocycles”,
reparametrisations of Markov specifications. We exploit this formalism to deduce the conclusion
of the Hammersley-Clifford Theorem for a family of Markov random fields which are outside the
theorem’s purview (including Markov random fields whose support is the d-dimensional “3-colored
chessboard”). On the other extreme, we construct a family of shift-invariant Markov random fields
which are not given by any finite range shift-invariant interaction.

The techniques that we use for this problem are further expanded upon to obtain the following
results: Given a “four-cycle free” finite undirected graph H without self-loops, consider the corre-
sponding ‘vertex’ shift, H om(Zd,H) denoted by Xz. We prove that X4 has the pivot property,
meaning that for all distinct configurations x,y € X3 which differ only at finitely many sites there
is a sequence of configurations (z = x'),22,..., (2" = y) € X3 for which the successive configu-
rations (2%, z°t!) differ exactly at a single site. Further if A is connected then we prove that Xy
is entropy minimal, meaning that every shift space strictly contained in X3 has strictly smaller
entropy. The proofs of these seemingly disparate statements are related by the use of the ‘lifts’ of
the configurations in X4 to their universal cover and the introduction of ‘height functions’ in this
context.

Further we generalise the Hammersley-Clifford theorem with an added condition that the un-
derlying graph is bipartite. Taking inspiration from Brightwell and Winkler we introduce a notion
of folding for configuration spaces called strong config-folding to prove that if all Markov random
fields supported on X are Gibbs with some nearest neighbour interaction so are Markov random

fields supported on the “strong config-folds” and “strong config-unfolds” of X.
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Preface

This thesis is a combination of three manuscripts: [13], [10] and [11].

The broad direction of study was suggested by Prof. Brian Marcus. Chapter 2 is based on
the manuscript [13] and is joint with Dr. Tom Meyerovitch. Given the nature of this work, it is
impossible to separate the individual contributions for this chapter. Chapter 3 is based on the

manuscript [11]. Chapter 4 is based on the manuscript [10].
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Chapter 1

Introduction

This thesis can be divided broadly into two areas of study: identifying conditions on the support of
Markov random fields such that they are Gibbs for some nearest neighbour interaction and proving
that a certain class of shift spaces is entropy minimal. In the introduction we will briefly discuss
the results obtained in these areas (highlighted as theorems) during the course of my PhD and their
interrelations. Further details and formal definitions can be found in the subsequent chapters.

G = (V, &) will always refer to a locally finite countable undirected graph without multiple edges
and self-loops, H will always refer to an undirected graph without multiple edges. By Hom(G, H)
we will denote the space of graph homomorphisms from G to H. Let 0 denote the origin and &

denote the ith coordinate vector of Z¢<.

1.1 Markov Random Fields and Gibbs States

The boundary (or the external vertex boundary) of a set of vertices F' C V, denoted by OF, is the

set of vertices outside F' which are adjacent to F"
OF :={veV\F |3weF st (vw)el}.

Given a finite set A, the space AY is a compact topological space with respect to the product
topology, where the topology on A is discrete. For F' C V finite and a € AY, we denote by [a]F the

cylinder set
la]p := {xGAV | z|p =a}.

For 2 € AY we use the notation [x]p for [z|r]r. The collection of cylinder sets generates the Borel
o-algebra on AV.

A Markov random field (MRF) is a Borel probability measure p on AY with the property that
for all finite A, B C V such that 04 C B C A° (as illustrated in Figure 1.1) and a € A4, b € AP



e —Elements of A

e —Elements of B

e —Elements of the
boundary of A

Figure 1.1: A, 0A and B

satisfying u([b]g) > 0
i (lala | B1z) = n (fala | Bloaloa) -

Given an MRF p the space of conditional probabilities or the “specification” is the system of
conditional probabilities of the type 1i([]a | []oa) for all finite sets A C V and = € supp(p). In
general infinitely many parameters may be required to describe a specification even if the graph G
is Z% and the measure is shift-invariant.

A closed configuration space is a closed subset X C AY. In most cases X will be the (topological)
support of some MRF pu denoted by supp(u). Let us consider some examples:

1. r-colourings of G: Let K, denote the complete graph (without self-loops) with vertices
1,2,...r. Then X = Hom(G, K,) denotes the set of all r-colourings of G.

2. Homomorphisms to the n-cycle: Let d > 2 and C), denote the n-cycle with vertices0,1,2,...,n—
1. Then X = Hom(Z?, C,) will form an important class of closed configuration spaces for
this thesis.

If G =72 r =3 and n = 2 then Hom(G, K,.) and Hom(G,C,,) is also known as the “3-coloured
chessboard”. Given a graph H and d € N, let X, = Hom(Z%, H).
Forall W CV let

Lw(X) = {w e AV | there exists z € X such that z|y = w}.

The language of X C AY denoted by L£(X) is defined as all finite patterns which occur in the

elements of X:
LX):= |J LwX).
WCV finite
A finite range interaction is a function ¢ : £L(X) — R such that for some r € N, ¢(a) = 0
for all @ € L4(X) whenever diam(A) > r. A nearest neighbour interaction on X is a finite-range
interaction where r = 2. When G = Z%, an interaction ¢ is shift-invariant if for all 7 € Z? and
a € L(X), ¢(a) = ¢(0"(a)). Since the standard Cayley graph of Z? has no triangles, a shift-

invariant nearest neighbour interaction is uniquely determined by its values on patterns on {6}
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(“single site potentials”) and on patterns on pairs {0,¢&;} where i = 1,...,d (“edge interactions”).
A Gibbs state with a nearest neighbour interaction ¢ is an MRF p such that for all = € supp(u)
and A, B C V finite satisfying 0A C B C A€,

ed(@lo)
CCAUOA
el [bls) = S
sz‘aA
where Z, ,,, is the uniquely determined normalising factor so that pu(X | [z]pa) = 1 for all

x € supp().
Some examples:

1. (Ising Model) Fix some J,E € R and let X = {1, —1}Zd and ¢ be a shift-invariant nearest

neighbour interaction ¢ given by

o([m,nl5z) = Jmn

o([mlg) = Em

for all m,n € {—1,1} and 1 <14 < d. The Ising model with “interaction” J and external field
E is a Gibbs state supported on X with interaction ¢.

2. (Hard Square Model) Fix some A € R. The hard square model is the set X C {0,1}Zd
which consists of configurations such that adjacent symbols cannot both be 1. Let ¢ be an

interaction on X such that

for all 1 < ¢ < d. If uis a Gibbs state supported on X with the shift-invariant nearest
neighbour interaction ¢ then the specification takes a particularly nice form: For all x € X

we get

[ elale)
_ CCAUdA
p(lela |lela) = S22 —

e)\(number of ones in x| 4up4)

ZA@‘BA

where Z4 4|, 18 the normalising factor.



Figure 1.2: The Graph for the Hard Square Model

Note that the hard square model is X?d{ where H is the graph given by Figure 1.2.

If G = Z¢ we the specification of a Gibbs state with some shift-invariant nearest neighbour
interaction is completely determined by the interaction and therefore by finitely many parameters.
We want to address the question: Under what conditions on the support is every Markov random
field a Gibbs measure for some nearest neighbour interaction?

The well-known Hammersley-Clifford theorem (Theorem 2.2.2) [3, 9, 23, 24, 54] gives one such
condition, a positivity assumption on the MRF given by the presence of a safe symbol in the support
which we explain next:

A closed configuration space X C AY is said to have a safe symbol x € A if for all A C V and
x € X the configuration y given by

Tz, ifneA
*xifn¢ A

Yn =

is an element of X.

It is not hard to see that a space of configurations X;lt has a safe symbol x if and only if x is
adjacent to all the vertices of H. For instance the symbol 0 is a safe symbol for the hard square
model but X;l{r and X, gn do not have a safe symbol for r > 2 and n > 1. The Hammersley-Clifford
theorem does not apply to Markov random fields whose support is Xf{r or X gn.

We will prove:

Theorem 1.1.1. [13] Let n # 1,4 and d > 2. If the support of a shift-invariant MRF is Xgn then

it is a Gibbs state for some shift-invariant nearest neighbour interaction.
On the other hand,

Theorem 1.1.2. [13] For G = 72, there exists a shift-invariant MRF which is not Gibbs for any

shift-invariant finite range interaction.

It was proved in [9, 12] that if the underlying graph G = Z, then every shift-invariant MRF is a
Gibbs state for some shift-invariant nearest neighbour interaction. Previously the same conclusion
was obtained under certain mixing conditions with a more general alphabet (Theorems 10.25 and
10.35 in [22]); however there are MRFs which are not Gibbs states for any nearest neighbour
interaction: when the alphabet is countable (Theorem 10.33 in [22]) and when the measure is not
shift-invariant [16]. When G is finite, such MRFs were constructed in [34]. On the other hand,
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Figure 1.3: A Dismantlable Graph

there are algebraic conditions on the support [21] and conditions on the graph [28] which guarantee
the conclusions of the Hammersley-Clifford Theorem.

MRFs and Gibbs States with nearest neighbour interactions will be defined in Subsection 2.1.1
and Subsection 2.1.4. The proof of Theorems 1.1.1 and 1.1.2 will be given in Sections 2.5 and 2.8

respectively.

1.2 A Generalisation of the Hammersley-Clifford Theorem for
Bipartite Graphs

In the following v ~% w denotes that (v,w) is an edge in H. Also H will denote both the graph
and its set of vertices.

The following notions were introduced in [37] to classify cop-win graphs: Given a graph H, we
say that a vertex v € H folds to w € H if u ~3; v implies that u ~3 w. A graph H \ {v} is called a
fold of H. A graph H is called dismantlable if there exists a sequence of folds H,H, ..., H, such
that H,, is a single vertex (with or without a loop).

For instance if n # 4 and H = C,, then i ~¢, i+ 1,7 — 1(mod n) for all 0 < i < n — 1 proving
that C), cannot be folded. We had remarked that for a graph H, Xg[ has a safe symbol * if and
only if x ~¢ v for all v € H. Thus all vertices in such a graph H can be folded to x and so H is
dismantlable. In particular, 0 is a safe symbol for the graph H in Figure 1.2. However there are
many examples of dismantlable graphs H for which X% does not have a safe symbol; for example,
the graph H in Figure 1.3 can be folded to a single vertex by the sequence: s folds to t, v folds
to w, u folds to w and ¢ folds to w. Thus H is dismantlable but there is no vertex in H which is
adjacent to all its other vertices; X% does not have a safe symbol.

We will prove:

Theorem 1.2.1. [11] Let G be a bipartite graph and let H be a dismantlable graph. Then any
Markov random field on Hom(G,H) is a Gibbs state for some nearest neighbour interaction. Further
if G = Z% and the Markov random field is shift-invariant then the corresponding interaction can be

chosen to be shift-invariant as well.

In fact we prove a more general result for configuration spaces which cannot be represented

as the space of graph homomorphisms, generalising the Hammersley-Clifford theorem when the
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underlying graph G is bipartite. The details are part of Chapter 3 and for the statement of results
in this direction look at Theorems 3.3.1, 3.3.2 and Corollary 3.3.8.

1.3 Pivot Property

For the study of Markov random fields we introduce the following combinatorial property on closed
configuration spaces:

A closed configuration space X is said to have the pivot property if for all (xz,y) € Ax with
z # y there exists a finite sequence z(Y) = z,2® ... 2*) = y € X such that each (az(i),x(”l))
differ exactly at a single site.

The pivot property is useful to study Markov random fields for the following reason: Let
G = Z%. If p is a shift-invariant Markov random field such that supp(y) has the pivot property
then for all z,y € supp(u) which differ at finitely many sites there exists a finite sequence (M) =
z, 2@, ..., 2% =y e X such that each (:I)(i),l'(i+1)) differ exactly at a single site 77; € Z%. Let F
be a set of sites such that z|pe = y|pe and 7i; € F for all i. Then

k

palr | 2lor) o #l2D)r | [2Por)
p(lle [ Wlor) 4 n((@@]E | [20+D]op)
_ (95, | 2 Dagan)
(D], | 2 )] g0)

Since p is shift-invariant these equations imply that the entire space of conditional probabilities
is completely determined by finitely many parameters, viz., u([z]; | [z], {6}) for x € supp(u).
Examples of Configuration Spaces with the Pivot Property:

1. Any closed configuration space with a safe symbol.
2. Xf{r if r > 2d + 2 (Proposition 2.2.5) or r = 3 (Proposition 2.3.4).
3. X¢ if H is a dismantlable graph [6].

On the other hand it is not true that all homomorphism spaces have the pivot property: It was
observed by Brian Marcus that X%Q and X%5 do not have the pivot property. We will show that
XIQ(4 does not have the pivot property in Subsection 5.2.4.

We will prove:
Theorem 1.3.1. [13] Let n # 1,4 and d > 2. Then Xgn has the pivot property.

Theorem 1.3.1 will be further generalised: A finite graph H is said to be four-cycle free if it has
no self-loops and Cjy is not a subgraph of H.

We will prove:



Theorem 1.3.2. [10] Let d > 2. For all four-cycle free graphs H, th has the pivot property.

The pivot property will be defined and further examples will be given in Section 2.2.2. Theorems
1.3.1 and 1.3.2 will be restated as Proposition 2.3.4 and Theorem 4.1.4 respectively.

1.4 Entropy Minimality

While the proof of Theorem 1.2.1 is more combinatorial in nature the proof of Theorem 1.1.1 rests
on some ergodic theory considerations which we will now touch upon:

Fix d > 2 and let B, = [-n,n]? N Z%. A shift space is a closed configuration space X C AZ*
which is shift-invariant. If X = X% for some H then X is called a hom-shift. The topological
entropy of a shift space X is

. 1
hiop(X) := lim ——log|Lp, (X)].

N—>00 ‘Bn|

It measures the growth rate of the number of allowed patterns in X. It is easy to see that if
Y C X then hyop(Y) < hiop(X). As in [14] a shift space X is called entropy minimal if for any shift
space Y C X, hop(Y) < hiop(X); In other words, exclusion of any pattern in X causes a drop in
its entropy.

There has been much work trying to establish some relationship between “mixing conditions”
on the shift space and entropy minimality: For d = 1, all irreducible shifts of finite type are entropy
minimal (Theorem 4.4.7 in [29]). Not much is known for higher dimensions; it is known that some
strong mixing conditions like uniform filling imply entropy minimality [51] but weaker conditions
like corner gluing do not [4]. There has been some recent work [52] which gives a condition equivalent
to entropy minimality for shifts of finite type.

Our results in Chapter 2 imply that Xgn is entropy minimal for n # 4:

For proving this we will use the associated ‘height functions’: A height function is a function
h : 2% —s 7 such that for adjacent vertices i, € Z%, |h(i) — h(j)| = 1. Let Ht% denote the set
of height function on Z¢. We will prove that the map h € Ht? — h mod n € Xgn is surjective
when n # 4 (for the case when n = 3, also look at [48]) and that given any ergodic MRF p (with
some technical assumptions) on X gn by the ergodic theorem there exists a notion of slope (average
rate of increase of height) for every direction; if the slope is maximal in some direction then the
support of y is frozen, otherwise it is fully supported. From this, standard results in thermodynamic
formalism (the Lanford-Ruelle Theorem [47]) imply that X‘én is entropy minimal. Have a look at
Proposition 2.6.1 and Lemma 2.7.2.

These ideas will be further extended to prove:
Theorem 1.4.1. [10] Let H be a four-cycle free connected graph. Then th s entropy minimal.

In the following, by the neighbourhood of a vertex v € ‘H we will mean the set of all vertices

adjacent to v. As in algebraic topology, there is a notion of covering spaces for graphs: C is a

7



covering space of H if there is a graph homomorphism (called the covering map) f : C — H
such that for every vertex v € H the preimage of the neighbourhood N of v in H is a disjoint
union of a constant number of neighbourhoods in C isomorphic to N via f. Given a graph H, its
universal cover (denoted by Ey) is the unique covering space which is a tree (Look for instance in
[1]). Denote the corresponding covering map by .

For example, the universal cover of C), is Z and the corresponding graph homomorphism 7 :
Z — C), is the map w(r) = mod n. On the other hand the universal cover of a tree is itself.

It is easy to see that for the induced map on X%H (also denoted by 7) we have W(X%H) C X4,
we will prove in Proposition 4.4.2 that the map is surjective. Also the preimage of a configuration
in Xgl is unique if we fix the lift at a single vertex. Associate to every configuration z € Xy a
configuration T € X%H such that m(Z) = x. We can thus associate to the space Xg[ the generalised
height function hyy : X% x Z¢ — N U {0} such that hy.[(m,f) is the graph distance between 7
and 7. From here on, the steps for proving Theorem 1.4.1 are similar to those used in the proof
of Proposition 2.6.1 but the proofs obtained for the individual steps in the latter are somewhat
different. For instance now the existence of a slope for any ergodic measure on X% in every direction
will follow from the subadditive ergodic theorem instead of the ergodic theorem. The reason is that

unlike height functions introduced earlier, hy; is not additive but is subadditive, meaning

N - o

hag(2,1+ 7) < hay(@,1) + hay(0' (), 7)

Topological entropy will be defined in Section 2.7. A description of height functions will be
given in Section 2.3 and that of the universal covers and generalised height functions will be given
in Sections 4.4 and 4.5. A brief description of the tools from thermodynamic formalism will be

given in Sections 2.7 and 4.2 respectively. Theorem 1.4.1 will be the same as Theorem 4.1.2.



Chapter 2

Markov Random Fields, Markov
Cocycles and the 3-Coloured
Chessboard

The main results of this chapter are Theorems 1.1.1 and 1.1.2. The results in this chapter are joint
with Tom Meyerovitch [13].

2.1 Background and Notation

This section will recall the necessary concepts and introduce the basic notation.

2.1.1 Markov Random Fields and Topological Markov Fields

Let G = (V,€) be a simple, undirected graph where the vertex set V is finite or countable. We
always assume that G is locally finite, meaning all v € V have a finite number of neighbours. The
boundary of a set of vertices F' C V, denoted by OF, is the set of vertices outside F' which are
adjacent to F"

OF :={veV\F|3JweF st (vw)el}.

Remark: Observe that in our notation 0F C F°. This is sometimes called the outer boundary
of the set F. Consistent with our notation the inner boundary of F' is O(F°).

Given a finite set A, the space AY is a compact topological space with respect to the product
topology, where the topology on A is discrete. For F' C V finite and a € A", we denote by [a]r the

cylinder set
[a]p := {:CE.AV | z|p =a}.

For z € AY we use the notation [z]r for [z|r]F. The collection of cylinder sets generates the Borel

o-algebra on AY.



A Markov random field is a Borel probability measure 1 on AY with the property that for all
finite A, B C V such that A C B C A° and a € A4, b € AP satisfying p([b]p) > 0

i (lala | Bs) = p (lala | [loaloa) -

We say that the sets of vertices A, B C V are separated (in the graph G) if they are disjoint and
(v,w) € & whenever v € A and w € B.

Here is an equivalent definition of a Markov random field: If x is a point chosen randomly
according to the measure u, and A, B C V are finite and separated, then conditioned on J:\V\( AUB)s
z|4 and z|p are independent random variables.

A Markov random field is called global if the conditional independence above holds for all
separated sets A, B C V (finite or not) .

As in [9, 12], a topological Markov field is a compact set X C AY such that for all finite F' C V
and z,y € X satisfying x|sr = y|gr , there exist z € X satisfying

z, forveF
yy forve V\ F.

A topological Markov field is called global if we do not demand that F' be finite.
The support of a Borel probability measure 1 on AY denoted by supp(p) is the intersection of
all closed sets Y C AY for which u(Y) = 1. Equivalently,

supp(p) = AV\ ] [ala,
[a] AEN (1)

where N (p) is the collection of all cylinder sets [a]a with p([a]a) = 0. The support of a Markov
random field is a topological Markov field (see Lemma 2.0.1 in [9]).

2.1.2 The Homoclinic Equivalence Relation of a Topological Markov Field and
Adapted MRFs.

Following [42, 49], we denote by Ax the asymptotic relation of a topological Markov field X ¢ AY,
which is given by

Ax :={(z,y) € X x X | x,, = y,, for all but finitely many n € V}. (2.1.1)

Given a shift space X the homoclinic relation is defined to be the same as the asymptotic
relation on X. We say that an MRF u is adapted with respect to a topological Markov field X if
supp(p) C X and

x € supp(p) = {y € X | (z,y) € Ax} C supp(p).
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It follows that an MRF pu is adapted with respect to a TMF X if and only if all continuous
functions f : X — X satisfying (z, f(z)) € Ax for all z € X are absolutely continuous with
respect to u. In this case u is said to be non-singular with respect to Ax and it is possible to
patch up all the Radon-Nikodym derivatives %}7) for all f as described above: The Radon-Nikodym
cocycle of p is a map ¢, : Ax —» RT such that for all functions f described above

culz, f(x)) = dj;(//j)(:v) p-almost everywhere.

If 41 is an MRF then the Radon-Nikodym derivative takes a particularly nice form: If (z,y) €
A

supp(p) and a finite set F' C V' such that z|pe = y|pe then
[yl roor)

cul(z,y) =
u(.9) 1([z]ruar)

Since p is a Markov random field the right hand side is independent of the choice of F. See [33]
and references within for further details.

To illustrate adaptedness, if supp(u) = X then p is adapted with respect to X, and if X =
X1 U X3 is the union of two topological Markov fields over disjoint alphabets and p is a Markov
random field with supp(u) = X1 then p is adapted with respect to X. On the other hand, the
Bernoulli measure (380 + $61) is not adapted with respect to {0,1,2}V. In fact, if X = AY for
some finite alphabet A then any Markov random field which is adapted to X has supp(p) = X.

2.1.3 Z?Shift Spaces and Shifts of Finite Type

For the Markov random fields we discuss in this chapter, the set of vertices of the underlying graph
is the d-dimensional integer lattice. We identify Z¢ with the set of vertices of the Cayley graph
with respect to the standard generators. Rephrasing, 7i,m € Z? are adjacent iff |77 — m|; = 1,
where for all @ = (n1,...,nq) € Z9, ||i]|; := Ele In,| denotes the I* norm of 7. The boundary of

a given finite set F' C Z% is thus given by:
OF ={m € F° | ||ii —mi||s = 1 for some 7i € F'}.
On the compact space AZ* (with the product topology over the discrete set A) the maps
o o ALY 5 AL given by
(6" (2)) s := Tpqr for all m, 7 € 74
define a Z%action by homeomorphisms, called the shift-action. The pair (AZd, o) is a topological
dynamical system called the d-dimensional full shift on the alphabet A. Note that o acts on the

Cayley graph of Z¢ by graph isomorphisms.
A Z9-shift space or subshift is a dynamical system (X, o) where X C AZ" is closed and invariant

11



under the map ¢ for each @i € Z%.

A Borel probability measure p on AZY g shift-invariant if po o™ = p for all @ € Z2. Tt follows
that the support of all shift-invariant measures p is a subshift.

For X ¢ AY and W C V let

Ly (X) := {w e A" | there exists z € X such that x|y = w}.

The language of X C AY denoted by L£(X) is defined as all finite patterns which occur in the
elements of X:

Lx):= |J LwX).
W CV finite

If ABCYVand 2z € A4,y € AP such that z|snp = y|anp then z vV y € AAYB is given by

T, neA
(xVY)y =
Yn n € B.

An alternative equivalent definition for a subshift is given by forbidden patterns as follows: Let

A= ) A

W CZ4 finite

For all 7 C A* let
Xr={z¢€ Azd\ no translate of a subconfiguration of = belongs to F}.

It is well-known that a subset X C A% is a subshift if and only if there exists F C A* such that
X = Xr (for d = 1 this is stated in [29] as Theorem 6.1.21; the proof for higher dimensions is
similar). The set F is called the set of forbidden patterns for X. A subshift X is called a shift
of finite type if X = X for some finite set F. A shift of finite type is called a nearest neighbour
shift of finite type if X = Xr where F consists of nearest neighbour constraints, i.e. F consists
of patterns on single edges. When d = 1 nearest neighbour shifts of finite type are also called
topological Markov chains. In fact the study of nearest neighbour shifts of finite type has been
partly motivated by the fact that the support of stationary Markov chains are one-dimensional
nearest neighbour shifts of finite type.

Every nearest neighbour Z9shift of finite type is a shift-invariant topological Markov field.
When d = 1 the converse is also true under the assumption that the subshift is non-wandering [12].
Without the non-wandering assumption, one-dimensional shift-invariant topological Markov fields
are still so-called sofic shifts, but not necessarily of finite type [12]. This does not hold in higher

dimensions (][9] and Section 2.8).

12



2.1.4 Gibbs States with Nearest Neighbour Interactions

For a graph G = (V, &) and A C V, let diam(A) denote the diameter of A with respect to the graph
distance (denoted by dg) in G, that is, diam(A) = max; jea d(3,j).

Following [47], an interaction on X is a function ¢ from £(X) to R, satisfying certain summa-
bility conditions. Here we will only consider finite range interactions, for which the summability
conditions are automatically satisfied.

An interaction is of range at most k if ¢(a) = 0 for a € L 4(X) whenever diam(A) > k. We will
call an interaction of range 1 a nearest neighbour interaction. When G = Z%, an interaction ¢ is
shift-invariant if for all 77 € Z¢ and a € £(X), ¢(a) = ¢(c"™(a)). Since the standard Cayley graph
of Z% has no triangles, a shift-invariant nearest neighbour interaction is uniquely determined by its
values on patterns on {0} (“single site potentials”) and on patterns on pairs {0,&}, i = 1,...,d
(“edge interactions”). We denote these by ¢([a]o) and ¢([a, b];) respectively where a,b € A.

A Gibbs state with a nearest neighbour interaction ¢ is a Markov random field p such that for
all x € supp(p) and A, B C V finite satisfying 0A C B C A,

I1 e?(@lc)
CCAUOA
p (| ls) = S —
A7'r‘6A
where Z4 ,,, is the uniquely determined normalising factor so that u(X | [z]gpa) = 1 for all

x € supp(p).

2.1.5 Invariant Spaces, Measures and Interactions

An automorphism of the graph G = (V,€) is a bijection on the vertex set g : V — V which
preserves the adjacencies, that is, (u,v) € £ if and only if (gu,gv) € €. Let the group of all
automorphisms of the graph G be denoted by Aut(G).

There is a natural action of Aut(G) on patterns and configurations: given a € A", z € AY and
g € Aut(G) we have ga € A9 and gz € AV given by

(9a)gy = a, and

(9T)y 1= Ty,

This induces an action on measures on the space A given by

(gu)(L) := p(g~'L)

for all measurable sets L ¢ AY.

For a given subgroup G' C Aut(G), a set of configurations X C AY is said to be G-invariant if
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gX = X for all automorphisms g € G. Similarly a measure p on A is said to be G-invariant if
g = p for all g € G. Note, for any subgroup G C Aut(G), if p is a G-invariant probability measure
then supp(u) is also a G-invariant configuration space. For G = Z% we abuse notation to denote
the group of translations by Z? as well. In this notation o”(z) = (=) ().

Let X C AY be a closed configuration space invariant under a subgroup G C Aut(G). Then G

acts on the interactions on X: Given an interaction ¢ on X for all a € A and g € G

9¢(lalr) = o9 alg-1p)-

2.2 Markov Specifications and Markov Cocycles

Any Markov random field p yields conditional probabilities of the form pu(xp = - | zgp = 9)
for all finite F C V and admissible § € A%F (by admissible we mean pu([0]sr) > 0). We refer
to such a collection of conditional probabilities as the Markov specification associated with p. It
may happen that two distinct Markov random fields have the same specification, as in the case of
the 2-dimensional Ising model in low temperature [38]. In general it is a subtle and challenging
problem to determine if a given Markov specification admits more than one Markov random field
(the problem of uniqueness for the measure of maximal entropy of a Z?shift of finite type is an
instance of this problem [7]). For the purpose of our study and statement of our results, it would
be convenient to have an intrinsic definition for a Markov specification, not involving a particular
underlying Markov random field.

Let X C AY be a topological Markov field. A Markov specification on X is an assignment
for each finite and non-empty F' C V and x € Lyr(X) of a probability measure ©p, on Lr(X)

satisfying the following conditions:

1. Support condition: For all finite and non-empty F' C V, z € Lop(X) and y € Lp(X),
xVy € Lpupr(X) if and only if Op,(y) > 0. This condition can be written as follows:

supp(Orz) ={y € Lr(X) | 2V y € Lrugr(X)}.

2. Markovian condition: For all finite and non-empty F' C V and z € Lyp(X), Op, is a
Markov random field on the finite graph induced from V on F.

3. Consistency condition: If F C H C V are finite and non-empty, x € Lop(X), y € Log(X)
and z, =y, for n € OF N OH, then for all z € Lp(X)

~ Ouy(lz Vv zruor)nm)
Oral) = ey @lorn)

The definition above has been set up so that for any Markov random field p with X = supp(u),
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the assignment
(F,z) = Op(a) := p((a]r | [z]or)

is a Markov specification. Conversely, given any Markov specification © on X there exists a
Markov random field ;2 on X compatible with © in the sense that p([a]Fr | [y]lor) = ©Fy(a) for all
a € Lp(X) whenever u([ylor) > 0 (Chapter 4 in [22]). Furthermore, when X C A% is a subshift
and the specification © is shift-invariant, it follows from amenability of Z? that there exists a
shift-invariant Markov random field p compatible with ©. However, in general it is possible that
for a given specification © the support of any p satisfying the above is a strict subset of X, in
which case there exist certain finite F C V and y € Lyp(X) for which the conditional probabilities
w([z]F | [ylor) are meaningless for all x € X. We will provide such examples in Section 2.5. In such
a case, according to our definition, the Markov specification associated with pu is the restriction of
© to the support of 11, meaning the collection of conditional probabilities © g, for finite sets F' C V
and z € Lyr(supp(p))-

It will be convenient for our purposes to re-parameterize the set of Markov specifications on a
given topological Markov field X. For this purpose we use the formalism of A x-cocycles. To this
well-known formalism we introduce an ad-hoc definition of a Markov cocycle, which we will explain

now. As in [49], a (real-valued) Ax-cocycle is a function M : Ax — R satisfying
M(x,z) = M(z,y) + M(y, z) whenever (x,y), (y,z) € Ax. (2.2.1)

Given G C Aut(G), M is a G-invariant Ax-cocycle if M(z,y) = M(g(z),g(y)) for all g € G. If
G = Z% then Z%invariant A x-cocycles are said to be shift-invariant. We call M a Markov cocycle
if it is a Ax-cocycle and satisfies: For all (z,y) € Ax such that z|pe = y|pe the value M (z,y) is
determined by z|rpuor and y|rusr-

There is a clear bijection between Markov cocycles and Markov specifications on X: If © is a

Markov specification on X, the corresponding Markov cocycle is given by

M(xz,y) :=10g (Opy|,r WlF)) —108 (Op 4y, (z]F)) .

where (z,y) € Ax and F C V finite such that x|pe = y|pe. Clearly M does not depend on the
choice of F' : Let F is the set of sites on which 2 and y differ then

M(z,y) = log (Opyp,.(ylr)) —log (Opg,, (z|r))
= 108 (Orylyr (Wl | W) — 108 (Oralyr (e | [2] 7))
(Markovian condition) = 10g (Or1,, (1] | Wlorr)) — 108 (O ety (2lr | [l )
(Consistency condition) = log (@F,%F(y\ )) log (@Fxla (x\F))
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Conversely, given a Markov cocycle M on X, the corresponding specification © is given by

1
Oraly) = 5—— M),
I ’a7z

where F' C V is a finite set, a € Lyp(X), y,z € Lr(X) are such that aVy,aV z € Lrpuar(X) and
x € Lpe(X) with z|pr = a. The normalising constant Zys g . is given by:

ZM,F,a,z _ Z eM(:Jc\/z,ac\/y’)7
I

where the sum is over all ' € Lp(X) such that ¥/ Va € Lpusr(X). Note that the expression for
the specification is well defined: Since M is a Markov cocycle on the topological Markov field X the
right-hand side does not depend on the particular choice of . The choice of the auxiliary variable
z on the right-hand side changes the normalising constant Zy; 4. ., but does not change O .

When X C AY is G-invariant, this bijection maps G-invariant specifications to G-invariant
Markov cocycles. Thus, a G-invariant Borel probability measure p is a G-invariant Markov random
field if and only if X = supp(u) is a topological Markov field and the Radon-Nikodym cocycle of u
with respect to Ay is some G-invariant Markov cocycle M, that is, for all (z,y) € Ax

pl) _ e
p([z]a)

for all A D F UOF where F is the set of sites on which z,y differ.
Fix a topological Markov field X and a nearest neighbour interaction ¢ on X. The Gibbs cocycle

corresponding to ¢ is given by:

My(z,y) = > o(ylw) — o(zlw).

WCV finite

Note that when ¢ is a nearest neighbour interaction, there are only finitely many non-zero terms
in the sum whenever (z,y) € Ax and so M is well defined. Examination of the definitions verifies
that under the above assumptions My is a Markov cocycle. Our point of interest is the converse:

When can a Markov cocycle be expressed in this form?

Proposition 2.2.1. Let u be an MRF and M be a Markov cocycle on supp(u) given by

p([z]a)

for any A O F UOF where F is the set of vertices where x and y differ. Then u is a Gibbs state
with a nearest neighbour interaction ¢ if and only if M = M.

M(z,y) = log <u([y]A)> for all (2,y) € Asupp(n)

The proof of the proposition follows because p is a Gibbs state with a nearest neighbour inter-
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action ¢ if and only if

M(as,w:log(““y“”y]"’”): S bllw) — dlalw) = My(z.)

H ([x]F | [y]@F) W CV finite

for all z,y € Agypy(u)- Let X be a topological Markov field. Denote by Mx the set of all Markov
cocycles and by Gx the set of all nearest neighbour Gibbs cocycles. In case X is G-invariant,
we denote by Mg*; the set of G-invariant Markov cocycles and by G)G( the set of Gibbs cocycles
corresponding to a G-invariant nearest neighbour interaction.

The set M x of Markov cocycles naturally carries a vector space structure: Given M1, My € My
and c1,c9 € R, c; My 4+ oMy € M. The reader can easily verify that Gx is a linear subspace
of Mx. If X is a shift-space then the shift-invariant nearest neighbour interactions constitute
a finite-dimensional vector space, and the map sending a nearest neighbour interaction ¢ to the
cocycle My is linear, it follows that G%j C Mx has finite dimension.

For a topological Markov field X defined over a finite graph G = (V, £), M x is finite dimensional;
the problem of determining which Markov cocycles are Gibbs amounts to solving a finite (but
possibly large) system of linear equations. The resulting equations are essentially the ‘balanced

conditions’ mentioned in [34].

2.2.1 The “Safe Symbol Property” and the Hammersley-Clifford Theorem

A topological Markov field X C AZ% is said to have a safe symbol if there exists an element x € A
such that for all z € X and A C Z¢, y € A2 given by

z, forne A

x forn e A€

is also an element of X.

A formulation of the Hammersley-Clifford Theorem states:

Theorem 2.2.2. (Hammersley-Clifford, weak version [24]) Let X be a topological Markov
field with a safe symbol. Then:

1. Any Markov random field with supp(n) = X is a Gibbs state for a nearest neighbour interac-

tion.

2. If X is G-invariant for some G C Aut(G) then any G-invariant Markov random field with

supp(p) = X is a Gibbs state for some G-invariant nearest neighbour interaction.

The second statement in the theorem above is not a part of the original formulation, but does
follow since there is an explicit algorithm to produce a nearest neighbour interaction which is

invariant under all graph automorphisms for which the original Markov random field was invariant

17



[9]. See also [2, 54, 55]. It is in general false that a G-invariant Markov random field whose
(G-invariant) specification is compatible with some nearest neighbour interaction must also be
compatible with some G-invariant nearest neighbour interaction (see Corollary 2.4.6 below). In
particular, for a general topological Markov field X we have Gg’; C M)G( N Gx, but the inclusion
may be strict.

An inspection of the original proof of the Hammersley-Clifford Theorem actually gives the

following a priori stronger result:

Theorem 2.2.3. (Hammersley-Clifford Theorem, strong version) Let X be a topological
Markov field with a safe symbol. Then:

1. Any Markov cocycle on X is a Gibbs cocycle given by a nearest neighbour interaction. In our

notation this is expressed by: Mx = Gx.

2. Given G C Aut(G), if X is G-invariant then any G-invariant Markov cocycle on X is a Gibbs
cocycle given by a G-invariant nearest neighbour interaction. In our notation this is expressed
by: M§ = G§.

It is easily verified that any topological Markov field X which satisfies one of the conclusions
of the “strong version” immediately satisfies the corresponding conclusion of the “weak version”.
We will demonstrate in the following section that the converse implication is false in general. The
proof of the first part of this version follows from Theorem 2.2.2 with the additional knowledge
that given a Markov cocycle on a topological Markov field X with a safe symbol there exists a
corresponding MRF p such that supp(p) = X. This in turn is implied by arguments very similar
to those in the proof of the following proposition. The second part of the theorem can be proved
using Theorem 2.0.6 in [9], noting that the conclusion holds even if the MRF is not invariant under

G but the corresponding Markov cocycle is.

Proposition 2.2.4. Let X be a topological Markov field with a safe symbol. Then any Markov
random field p adapted to X has supp(u) = X.

Proof. Let p be a Markov random field adapted to X. We need to show that for all finite F C V
and a € Lp(X), p([a]r) > 0. Denote FUOF by F. Let b € L;(X) and ¢ € Ly7(X) satisfy
u([bVclp op) > 0. In particular, u([c]yz) > 0. Let be L 7(X) be given by

b, neFlF
* ne€oF.

SN
3
Il

Note that bV ¢ € £ Fuai(X) because x is a safe-symbol. Again, by the safe symbol property it
follows that @ € £;(X) where:

a, nekr
* ne€oF.
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Since X is a topological Markov field, a V ¢ € Lz 57(X). Since p is an adapted Markov random
field it follows that p([a]z | [c]yz) > 0, and since u([c],5z) > 0 it follows that pu([a V c|z 57) > 0; in
particular we get that p([a]r) > 0. O

Remark: Proposition 2.2.4 is a particular instance of the more general fact that all Ax-
nonsingular measures pu satisfy supp(u) = X, whenever Ax is a topologically minimal. The latter
condition means that for any = € X, the Ax-orbit Ax(x) :={y € X | (z,y) € Ax} is dense in X.

Remark: When the underlying graph is Z?, any shift-invariant topological Markov field X
with a safe symbol is actually a nearest-neighbour shift of finite type; Proposition 3.1.2 proves a

more general fact.

2.2.2 The Pivot Property

We shall now consider a weaker property than that of having a safe symbol. Let X be a topological
Markov field. If z,y € X only differ at a single v € V, then the pair (z,y) will be called a pivot
move in X. A topological Markov field X is said to have the pivot property if for all (x,y) € Ax
such that z # y there exists a finite sequence of points () = z,2® ... z®) =y e X such that
each (z(), 20+ is a pivot move. In this case we say (1) = z, 22 ... 2(*) =y is a chain of pivots
from = to y. Many properties similar to the pivot property have appeared in the literature (often
by the name local-move connectedness), for instance look at [6, 36, 39, 53] Here are some examples

of subshifts which have the pivot property:

1. Any topological Markov field with a trivial homoclinic relation.
2. Any topological Markov field with a safe symbol.

3. The r-colourings of Z? (defined below) where » = 3 (generalised in Proposition 2.3.4 and
Theorem 4.1.4) or r > 2d + 2 (Proposition 2.2.5).

4. The space of graph homomorphisms from Z? to a “dismantlable graph”, as in [6] (defined in

the examples after the statement of Theorem 3.3.2).

Consider a countable graph G = (V, ) without multiple edges and self-loops. Let Col,, denote

the proper vertex colourings of G with n colours:
Coly, := {z € {1,...,n}V | z, # x,, whenever (v,w) € £} .

The r-colourings of Z¢ is the space Col, when G is Z?. The fact that r-colourings of Z¢ with
r > 2d + 2 have the pivot property is a consequence of the following;:

Proposition 2.2.5. Let G = (V,€) be a graph with all vertices of degree at most d and n > d + 2.
Then Col,, is a topological Markov field that has the pivot property.
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Proof. Given x,y € Acy, we will describe a sequence of pivot moves from x to y: Let F := {v €
V |z, # 9} Let (0 := 2. For every i € {1,...,n}, obtain a point 2(?) € Col, by pivots moves

starting from 2z~ as follows:

e Step 1: For every v € F such that xq(f_l) =i, choose j € {1,...,n} such that

j & {al™) | vedfvuful}.

Such j exists because by our assumption on n: [0{v} U {v}| < d+1 < n. In particular ¢ # j.

Make a pivot move by changing xq(,ifl) from i to j. After at most |F'| pivot moves we obtain

(i-1) G0 _

the point z such that z, # i for all v € I’ and z, = xvi_ unless v € F and 7.

e Step 2: For every v € F such that y, = 7 apply a pivot move by changing z, to :

_ zy ifw# v
Ty, =

1 if w=no.

To see that 2/ € Col,,, we need to check that z,, # i for any w € 9{v}. Indeed if w € O{v} N F
then z, # ¢ by step 1. If w € 9{v} N F° then z,, = y,,. Because y,, = i it follows that y,, # i.

Now iterate with z replaced by 2’. After at most |F| pivot moves we obtain the point 2z,

This configuration has the property that L(,i) =y, unless v € F and y, > i.

This describes a finite sequence of pivot moves from z = z(©) to 2™ = y. O

Proposition 2.2.6. Let X C AZ* pe g shift-invariant topological Markov field with the pivot
property. Then the dimension of M%(d s finite.

Proof. Let (x,y) € Ax. Let x = e 2@ 2B k) = y be a chain of pivots from = to y. Then

k—1
M(z,y)=> M@, 20+, (2.2.2)

i=1
If (), z0+D differ only at 1m; € Z¢ then M (2, z(+1D) = M(a_mi;p(i)7 O—_migj(iﬂ)) depends only on
o2 (Gruage) and ozt (Gluaggy- Therefore the dimension of the space of shift-invariant

Markov cocycles is bounded by |‘C{6}U8{6} (X)|2. O

2.3 Z,-Homomorphisms, 3-Coloured Chessboards and Height
Functions

Recall that a graph-homomorphism from the graph G; = (V1,&1) to the graph Gy = (V1,&) is a
function f : Vi3 — Vs from the vertex set of G; to the vertex set of Go such that f sends edges in
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G1 to edges in Go. Namely, if (v,w) € & then (f(v), f(w)) € E. We consider Z% as the vertex set
of the standard Cayley graph, where an edge (7, m) is present if and only if ||7 — m||; = 1. Also a
subset A C Z¢ will also denote the induced subgraph of Z? on A.

For the purposes of this chapter, a height function on A C Z% is a graph homomorphism from A
to the standard Cayley graph of Z. We denote the set of height functions on A  Z¢ by H¢(® (A):

HtW(A) .= {3 € Z* | |2 — &| = 1 whenever 7,77 € A and |7 — [y = 1} . (2.3.1)

In particular, we denote
Ht'D .= Ht (79

We now introduce a certain family of Z%shifts of finite type X,(d), where r,d € N, and r > 1:
Denote by Z, = Z/rZ = {0, ..., —1} the finite cyclic group of residues modulo 7. Let ¢, : Ht(¥) —
(Z,)%" be defined by

(¢r(%))57 := &5 mod r for all 7 € Z%.

The Z?-subshift Xﬁd) is defined by:
XD = ¢ (HtD).

For r = 2 it is easily verified that XQ(d) consists precisely of two points z¢Y¢", z°%. These are
= |||y mod 2 and 2% = ||7i||; + 1 mod 2.

o
n

even

14 M b)) M
chessboard configurations”, given by z

In the following, to avoid cumbersome superscripts, we will fix some dimension d > 2, and
denote Ht := Ht@, X, := XV and Ht(A) := HtD(A) for all A C 7.

For r # 1,4, there is a direct and simple interpretation for the subshift X, as the set of
graph homomorphisms from the standard Cayley graph of Z¢ to the standard Cayley graph of Z,
(Proposition 2.3.1 below). In the particular case r = 3 the standard Cayley graph of Z, is the
complete graph on 3 vertices, and so X3 is the set of proper vertex-colourings of standard Cayley
graph of Z? with colours in {0, 1,2}. This relation has certainly been noticed and recorded in the
literature. For instance, it is stated without proof in [20]. The general method of using height
functions is attributed to J.H. Conway [57]. For the sake of completeness, we bring a self-contained
proof in Proposition 2.3.1 and Lemma 2.3.2 below. The proofs below essentially follow [48, 50],
where the corresponding results are obtained for the case d = 2, r = 3. Also, many ideas going into
the proofs of Propostion 2.3.1, Lemma 2.3.2 and Lemma 2.3.3 come from algebraic topology; we
mention the connection briefly at the end of Section 4.4 (where we generalise some of these results).

Within the proof we also define a function grad : X, x Z% — Z, which we use later on.

Proposition 2.3.1. For any d > 2 and r € N\ {1,4}, X, is a nearest neighbour shift of finite type
given by

X, ={z € (ZT)Zd | 7 — zm = 1 mod r, whenever | —m|; = 1}.
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Proof. When r = 2, by our previous remark Xo = {x°% 2°v¢"}. the proposition is easily verified

in this case. From now on assume r € N\ {1,2,4}. Temporarily, let us denote
Y, ={z € (Zr)Zd | 7 — ;3 = £1  mod r, whenever ||ii —m|; = 1}.

We need to establish that Y, = X,..
For all £ € Ht and m, 7 € Z¢ with ||ii — ||y = 1, by definition of Ht, we have |&; — 23| = 1.
Thus, (¢r(2))7—(¢r(2))m = £1 mod r, and so ¢,(&) € Y,. This establishes the inclusion X, C ;.
To complete the proof, given x € Y, we will exhibit # € Ht so that ¢,(&) = x. Choose 7y € Z%
and define &5, := x,. For all 7w € 7%, choose a path g, ..., 7 = n from 7 to 7 in the standard

Cayley graph of Z%, meaning, 7i;,1 — 71; € {%é1,...,+E;}. Define
k
b= a5+ Y _lwa, — oa,_,),
i=1

where for x € Y, and m, 7 € Z% with ||/ — 7|, = 1,

1 ifeg—x7=1 modr
(25 — x) == . . (2.3.2)
-1 ifaxzg—x7z=-1 modr

We claim that for all x € Y, the value of 5z thus obtained is independent of the path chosen
from 7iy to 7. Another way to express this is as follows:
For x € Y, and i € {£é1,...,£é4} let

grad(z,n) =[xz — rg]. (2.3.3)

Extend grad to a map grad : Y, x Z¢ — Z as follows: For an arbitrary i € Z¢ write i = Z;‘i 155,
with §; € {*é1,...,+€;}. Define:

M

grad(xz,n) := Z grad(c™ 1z, §,), (2.3.4)
k=1

where 7ij, 1= 22?:1

5 and the expressions appearing in the sum on the right-hand side of (2.3.4) are
defined by (2.3.3). We will now verify that grad(x, i7) is well defined, which means it does not depend
on the representation 77 = Zjﬂil 5j. Specifically, we will check that for all tye N, 81y, 8 €

{£61, ..., 264} satisfying 3N £ = 3" §j and z € Y,

k N
[xﬁj o wﬁj—l] = Z[xﬁlj - xﬁij_lL (235)
-1 o
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where 7; = Zgzl s; and M = Zgzl t;.

From (2.3.2) it follows that [rv73 — =53] = —[rs — o] whenever ||m — 7i||; = 1. Note that
0,71, 72, .., g, MN_1,...,m1,0 forms a loop in Z%. Since loops in Z% are generated by four-cycles
of the type 0,¢;, ¢ + é’j,é},ﬁ for all 1 < 4,5 < d to check (2.3.5), it thus suffices to verify for all
T €Y,

[ve, — @5l + (g 46, — vg)] = [we, — x5] + [75,46, — 22 (2.3.6)

From the definition (2.3.2), the equality in (2.3.6) holds modulo r. Also,
[ze; — z], [ze;+e — 2¢;)s [xe, — 23], [2g; 46, — 2&] € {£1}.

Thus (2.3.6) is a consequence of the following simple exercise:
For all Ay, Ay, A3, Ay € {£1} satisfying

A1+ Ay + A3+ Ay =0 mod r, where r € N\ {1,2,4},

we have
A+ Ay + A3+ Ay = 0.

It now follows that for all z € Y, and n € Z¢
grad(z,n) = Tz — Ij. (2.3.7)

In particular it follows that for all 7i,7m € Z? with |77 — mi|j; = 1, &, — 25 € {£1}. So indeed
Z € Ht. It is straightforward to check that ¢,(2) = x.
O

Remark: From the proof above we see that map grad : X, x Z% — Z satisfies the following

relation:

grad(z, 7 +m) = grad(z,7) 4+ grad(c™(z),m). (2.3.8)

This means that grad is a cocycle for the shift-action on X,. See [48, 50] for more on cocycles for
X, and other subshifts.

In the particular case when r = 3 Xéd) is a presentation of a shift of finite type known as
the d-dimensional 3-coloured chessboard. The subshift X?Ed) is the set of proper vertex-colourings of
standard Cayley graph of Z¢ with colours in {0, 1,2}. On the first reading of the following sections,
we advise the reader to keep in mind the case r = 3 and d = 2, in which Xﬁd) is the “2-dimensional
3-coloured chessboard”.

Remark: For the “exceptional” case r = 4, X} is still a shift of finite type. This can be directly
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deduced from the following formula:

Xid) = {ze (Zr)Zd | 7 — xm = +1 mod 4, whenever || —ni||; =1
and [z — zpia] + [Tpre, — Tprate| = (25— o] + [Tpre, — Tpratal]

for all 1 < i,j < d and 7 € Z%}.

)

However X id is not a topological Markov field, as we now explain. For simplicity assume d = 2.

Let 2,y € X4(2) be the periodic points satisfying

2 2
Yz = Zﬁz mod 4 and xz =2 — Zﬁ“ mod 4.
i=1 =1
That is:
:é%§1 ,néééx
y=3g7candx= 550 (2.3.9)
.230.. 032...

Observe that x5 =2 and y; = 0 and z|, @ = Yy @) However the configuration z given by

sz = .
y; otherwise
is not an element of X f) because
[z_52 - Z—€2+51] + [Z—€2+€1 Ze1] -2

while

[Z,gg — 26] + [2:6 — Zgl] = 2.
A similar construction works for any d > 2.

Lemma 2.3.2. Fiz any d > 2 and r € N\ {1,2,4}. For x € X, any two pre-images under ¢,
differ by a constant integer multiple of r, that is, if &,y € Ht satisfy ¢.(Z) = ¢, () then there exists
M € 7Z so that &5z — 5 = v M for all @ € Z4.

Proof. Let x € X,., &,y € Ht satisfy ¢.(2) = ¢(y) = x. We have

=5 mod 7.

Il
<,

0] 0
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Thus there exists M € Z so that 25 — §5 = M. By (2.3.7) it follows that for all n € Z¢

Ti — &5 = Y — Y5 = grad(z, ).

It follows that for all @7 € Z¢

ISH
St

\

Ny
3t

Il

>
[e=])

\

N
(=)}

Il

<

O]

Lemma 2.3.3. Let d > 2 and r € N\ {1,2,4}. Fiz any (z,y) € Ax, and a finite F C 79 so that
T =yq for all i € Z¢\ F.

1.

There exists a finite set F so that for all &,7 € Ht such that ¢.(&) = x and ¢.(§) =y, there
exists M € 7 so that & — 5 = rM for all @ € Z¢\ F.

We can choose &,y € Ht so that M = 0, that is, (Z,7) € Apy.

If (#,9"), (2,9) € Apt and ¢ (') = ¢p(2) = x, ¢ (') = &r(§) = y then there exists M € Z
so that for all i € Z%, §L = 9z +rM and 2 = &7 + rM.

. For any (2,9) € Ay and all @i € Z%, (&7 — 95) € 2.

If x,y € X, satisfy xz = yz for all i € 74 \ {70} and zz, # yg, then there exists &,9 € Ht
such that ¢ (Z) = x, ¢, () =y and

) . 2 if M = 1
|27 — 9| = _
0 otherwise .

Proof. 1. Choose 2 € ¢, (x) and § € ¢, !(y). Since the set F is finite, there is an infinite

connected component A C Z%\ F in the standard Cayley graph of Z% so that F:= Z%\ A is
finite. Fix some 7y € A. For any 7 € A choose a path 7o, 7 ..., =7 € A from 7 to 7 in
the standard Cayley graph of Z%, that is, ;41 — i, € {£€1,...,6;} forall 1 <j <k —1 and
xzj =y; for all 1 < j < k. Using (2.3.3) and (2.3.4) we conclude that

grad (o™ (z), 7 — iig) = grad(c™(y), 7 — o).
It now follows using (2.3.7) that
T — Tiy = Ui — Yo

Because s, = iy, i, — Un, € 74, and so there exists M € Z so that &5 — 97 = rM for all
ieA=17%\F.
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2. Define Z by

%5 = Ui — (Ur, — 25, ) for all 7 € Z2.

Obviously z € Ht. Since zj, = yz, it follows that 9z, — &z, € rZ. Thus ¢,(2) = ¢,(9) = y.

Also 2; = g for all @ € A. Thus, (&,2) € Ay, proving the second assertion.

3. By Lemma 2.3.2, for any choice of 2’ € ¢! (x) there exists M; € Z so that &, = &7 +rM; for
all 7 € Z4. Similarly, for any choice of §’ € ¢, (y) there exists My € Z so that §L = 9z +rM>
for all @ € Z4. But if (&/,9') € Agy it follows that M; = My. This proves the third assertion.

4. From (2.3.3) it follows that grad(z,+€;) =1 mod 2 for all z € X, and j € {1,...,d}. Thus
by (2.3.4) the parity of grad(z,7) is equal to the parity of ||7i]|; and does not depend on x.
Therefore if &7, = 95, for some iy € Z%, from (2.3.7) it follows that 253 — g5 € 27 for all
il € Z°.

5. Suppose that x,y € X, satisfy z; = y;z for all @ € Z9\ {fp} and =z, # yi,- Choose
(Z,9) € Apy so that ¢, () = x and ¢,(9) = y. By the argument above &; = g5 for all @7 # 7.

Let m := 1ip + €. Since x5 =y and x5, # yg, it follows that [zz, — xm] # [Ya, — ym), thus
[z, — ] — [y, — ym]l = 2.

Using (2.3.3) and (2.3.7), we conclude that |2z, — 97,| = 2.
O

It is a known and useful fact that the 3-coloured chessboard has the pivot property. This can
be shown, for instance, using height functions. Essentially the same argument shows that X, has
the pivot property for all » € N\ {1,2,4}. We include a short proof below. Similar arguments

appear in the proofs of certain claims in the subsequent sections.

Proposition 2.3.4. For any d > 2 and r € N\ {1,2,4} the subshift X, has the pivot property. In

other words, given any (x,y) € Ax, there exist x = 20 20 2N =y e X, such that for all

0 <k < N, there is a unique ny € 7. for which zyz) #+ zgzﬂ).

This will be further generalised as Theorem 4.1.4.

Proof. Fix (z,y) € Ax,. By Lemma 2.3.3, we can choose (Z,9) € Ap; with ¢,(2) = x and
¢r(9) = y. We will proceed by induction on D = ) ~_,a &7 — 9|. Note that by Lemma 2.3.3 D
is well defined, that is, the differences (Z7; — 97) in the sum do not depend on the choice of (z,7).

When D = 0, then x = y and the claim is trivial. Now, suppose D > 0. Let

Fy = {iez| (#; —§x) > 0}
Fo = {ieZ] (& — ja) < 0},
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that is, F. C Z? is the finite set of sites where # is strictly above § and F_ C Z? is the finite set
of sites where 7 is strictly above £. Without loss of generality assume that F, is non-empty. Since
(%7 — yn) € 22, T3 — Uz > 2 for all 7i € F';. Consider 7y € Fy such that 27, = max{Z; | 7 € F}.
It follows that &5, — &, = 1 for all m neighbouring 7. We can thus define 2 € Ht which is equal
to & everywhere except at 7y, where 2z, = 25, — 2. Now set 2 = ¢r(2) and apply the induction

hypothesis on (21, y). O

2.4 Markov Cocycles on X,

Our goal in the current section is to describe the space of shift-invariant Markov cocycles on X,
when r € N\ {1,2,4}, and the subspace of Gibbs cocycles for shift-invariant nearest neighbour
interactions.

In the following we assume r € N\ {1,2,4} and d > 1, unless explicitly stated otherwise.

Lemma 2.4.1. Fiz r € N\ {1,2,4} and d > 1. Let F C Z% be a finite set and x,y,z,w €
X, such that x|pe = y|pe, z|pe = w|pe and z|puor = z|Fuor, YlFuor = w|puer. Consider
(Z,9), (2,0) € Ay such that they are mapped by ¢, to the pairs (x,y), (z,w) € Ax, respectively.

Then &7 — 5 = 23 — Wy for all i € 72,

Proof. Let Fy C Z% denote the infinite connected component of F¢. For @i € Fy, we clearly have
&5 — Ui = 23 — Wi = 0. We can now prove by induction on the distance from 7 € Z¢ to F that
&5 — U5 = 253 — 5. Given @i € Z4\ Fy, find a neighbour 7 of 7 which is closer to Fy. By the
induction hypothesis, T3 — U7 = 27 — W.
If either 7 € F or m € F, then both m and 7 are in F U JF and so z3 — 7 = 273 — %7 and
7= Ym = Wi — Wy, (2.3.2) and (2.3.7) imply &7 — T = 27 — 27 and Uz — Um = Wi — Wpp.
Subtracting the equations and applying the induction hypothesis, we conclude in this case that
Tp— Uz = Zg — W
Otherwise, 7i,m € F¢ and so 73 — x5 = Y7 — Ym and z7 — 23 = wi — wy, and again by (2.3.2)

and (2.3.7) we conclude that Z7 — U7 = 27 — Wg. O

For ¢ € Z, and integers a,b with a — b € 27Z, let

H{me (2Z+a)N(rZ+i) | mea,b)} ifa<b
—N;(b,a) otherwise

Ni(a,b) :=

Here Nj is the “net” number of crossings from (i + rZ) to (i + 2 + rZ) in a path going from a to b
in steps of magnitude 2. Note that

Ni(a,b) = Nij(a+rn,b+1rn) (2.4.1)
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for all a,b,n € Z and
Ni(a,b) = Ni(a+ ¢,b+ ¢) (2.4.2)

for all a,b,c € Z such that a — b € rZ N 27 .

Proposition 2.4.2. For any r € N\ {1,2,4} and d > 1, the space /\/l%;i of shift-invariant Markov
cocycles on X, has a linear basis
{M()a Mh s aMTfl}v

where the cocycle M; is given by

Mz(x,y) = Z Ni(i'nagn); (2'4'3)

nezd

(Z,9) € Agy is any pair which is mapped to (z,y) by ¢,. In particular dim(/\/l%(dr) =r.

Proof. By Lemma 2.3.3 different choices (z,9) € Ap; which map to (z,y) via ¢, differ by a
fixed translation in rZ. Thus by (2.4.1) the values M;(z,y) are independent of the choice of the
corresponding height functions (z, ) € Ay, and hence are well defined.

We will show that for ¢ = 0,...,r — 1, M; is indeed a Markov cocycle. Since N;(a,c) =
Ni(a,b) + N;(b,c) whenever a = b = ¢ mod 2, it follows that M;(x,z) = M;(z,y) + M;(y, 2)
whenever x,y, z € X, are homoclinic. Thus M; is a Ax,-cocycle. Clearly, M; is shift-invariant.

We now check that M; satisfies the Markov property. This is equivalent to showing that
M;(x,y) = M;(z,w) whenever x,y,z,w € X, satisfy the assumption in Lemma 2.4.1. In this
case by Lemma 2.4.1, &5 — Uz = 27 — Wy for all i € Z%. Also note that for any 7 € Z¢, either
r7; = zp and yz = wy in which case &3 — 27 = 7 — wz € rZ or xz = yz and 2z = wg, in
which case by Lemma 2.3.3 &3 — 9z = 23 — Wz € rZN2Z. By (2.4.1) and (2.4.2) in either case
N;i(Z7,97) = Ni(27,wz) and summing over the 7i’s, we get M;(x,y) = M;(z,w) as required.

To complete the proof we need to show that all shift-invariant Markov cocycles on X, can be
uniquely written as a linear combination of My, ..., M,_1. Fori € {0,...,r—1}let (z,y®) € Ay,
such that :céi) =1, yéi) =14+ 2 mod r and xg) = yg) for all 7@ € Z4\ {0}. Given a shift-invariant
Markov cocycle M, let

o := M (2, y®) (2.4.4)
We claim that for all (z,y) € Ax,:
r—1
=0

Since X, has the pivot property (Proposition 2.3.4), by (2.2.2) it is sufficient to show that (2.4.5)
holds for all (z,y) € Ax, which differ only at a single site. By shift-invariance of M and the M;’s

it is further enough to show this for (x,y) which differ only at the origin 0. In this case, we note
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that (z,y) coincide with either (z(®,y®) or (y®, 2)) on the sites {0} Ud{0} for some i. Without
loss of generality assume that (x,y) coincide with (2(%),4(0)) on the sites {6} U@{ﬁ}. Since M and
the M;’s are Markov cocycles we have M (z,y) = M (2(0) y(0)) = o; and

r—1 r—1 r—1
> ag - M(a,y) = o M0, y00)) =3 " a6 5 = .
j=0 j=0 Jj=0

O]

Remark: Without the assumption of shift-invariance, a similar argument shows that any

Markov cocycle on X, is of the following form:

r—1
M(z,y) = > aiaNi(d7,97) with a;z € Rfor all i € Z4, 0 <i <r — 1.

i=0 jiczd

We now describe the space G%(dr of Gibbs cocycles corresponding to shift-invariant nearest

neighbour interactions for X..

Proposition 2.4.3. Let r € N\ {1,2,4} and d > 1. A shift-invariant Markov cocycle on X, is a
Gibbs cocycle corresponding to a shift-invariant nearest neighbour interaction if and only if it is of
the form M = Z;:OI a; M;, with Z;:& a; = 0 and M;’s as in Proposition 2./.2 and aq, ..., 0p_1
given by (2.4.4). In other words,

., r—1 r—1
GZTZ{ZOQMZ' | ZO&@:O}.
1=0 =0

In particular, dim(G%:T) —r—1.

Proof. Let M be a Gibbs cocycle given by a shift-invariant nearest neighbour interaction ¢. Choose
(z®,y®) € Ay, as in the proof of Proposition 2.4.2 so that o; = M (2, y®). Expanding the

Gibbs cocycle we have:

M,y D) = o(li +2]o) — #([i)o)
d
+ D (@i + 2,0+ 1]) = (6([i,i + 1) + o(li + 1,0+ 205) — 6([i + 1,]5)).
=1

<

Summing these equations over i we get:

r—1 r—1
Zai = ZM(x(z),y(Z)) =0
=0 =0
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Conversely, for any values a; = M (2, y(®) such that Z;:& a; = 0 it is easy to see that there is
a corresponding nearest neighbour shift-invariant interaction ¢: For instance, set ¢([i,i + 1]1) =
— S o, @([i,i+1];) = 0 for j = 2,...,d and ¢([i + 1,i];) = é([i]o) = 0 for j = 1,...,d and
i=0,...,r—1. O

Let M : A x, — R be the Markov cocycle given by

~

M(z,y) == >  Jn— &n, (2.4.6)

where (&,9) € Ap; satisfy ¢,(2) = z and ¢,(j) = y. By the following we observe that M (z,y) =
2 Z;:(} M;(z,y) for all (x,y) € Ax,:
As in the proof of Proposition 2.4.2 it sufficient to verify this for (z,y) = (2(%), y(®0)) where
0 <49 <r—1. In that case
M(x(i0)7 y(io)) _ y(()io) _ ﬁ(()io) —9

and . )
2 Z Mi(x(io), y(io)) =2 Z 5io,i = 2.
1=0 1=0

Corollary 2.4.4. Let r € N\ {1,2,4} and d > 1. Any shift-invariant Markov cocycle M on X,
can be uniquely written as
M = My + aM

where My is some Gibbs cocycle, « € R and M is given by (2.4.6).

Thus, the conclusion of the second part of the strong version of the Hammersley-Clifford The-
orem regarding shift-invariant Markov cocycles fails for X,. Our next proposition asserts that
the conclusion of the first part of the strong version of the Hammersley-Clifford Theorem still
holds for X,.. This immediately implies the conclusion of the first part of the weak version of the
Hammersley-Clifford Theorem of X,.

Proposition 2.4.5. (Mx, = Gy, ) Let r € N\{1,2,4} andd > 1. Let M : Ax, — R be a Markov
cocycle. There exists a nearest neighbour interaction ¢, which is not necessarily shift-invariant, so
that M = M.

Proof. Given M € My, , we will define a compatible nearest neighbour interaction ¢ as follows:
The interaction ¢ will assign 0 to any single site pattern. For @ = (ny...,nq) € Z%, and

1 <j<d,let ¢ ;(a,b) denote the weight the interaction ¢ assigns to the pattern (a, b) on the edge

(7,7 +ej). Set ¢y j(a,b) = 0 whenever j € {2,...,d}. For i = (ny,...,nq) € 7% and i € Z, define
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recursively

(bﬁ,l(Z?Z—i_ 1) = oo L.
M(o™y®, 6T @) + ¢ g 1(i+1,i+2) ng >0
¢ﬁ,1(z+ 17Z) =

M(aﬁ+€1y(i), aﬁ+€1x(i)) + it 1(i+2,i4+1) n1 <0

((ji) =1 mod 7, yéi) =142
= yg) for all 7 € Z\ {0}. To see that ¢ defines a nearest neighbour interaction for

whereas in the proof of Proposition 2.4.2, (), y()) € Ax, are such that
(@)
7

M, since X, has the pivot property (Proposition 2.3.4) it is sufficient to verify by (2.2.2)

mod r and x

d
M(y,x) =YY bnj(@a zrrs,) — 65V vite,)- (2.4.7)

nezd j=1

for (y,z) € Ax, which differ at a single site n’ € Z.

Then (y,z) coincide with either (67 4, o™ ) or (6™ £®, o6™ 3()) on the sites {7’} UD{7'} for
some 0 < i < r — 1. Without loss of generality assume that (y,z) coincide with (o y(i0) 57 z(i0))
on the sites {n'} Ud{n'} for some 0 < iy <r — 1. Since M is a Markov cocycle

M(y,z) = M(c"yl0) o™ zl0))
b 1 (G0, 0 + 1) — drr—g; 1 (G0 + 1,490 +2) if n >0
(Z)ﬁ’—é'hl(io —+ 1,i0) — ﬁ/J(io + 2,’i0 + 1) if n’l <0

d
= > tai(@n Tire,) — bW Yite,)-

iezd j=1

Combining the above results we obtain:

Corollary 2.4.6. Let r € N\ {1,2,4} and d > 1. There exists a shift-invariant Markov cocycle on
X, which is given by a nearest neighbour interaction but not by a shift-invariant nearest neighbour

interaction, that is,

d d
G% #Gx,NnM% .

2.5 Markov Random Fields on X, Are Gibbs

Our main goal is to prove the following result:
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Theorem 2.5.1. Let r € N\ {1,2,4} and d > 1. Any shift-invariant Markov random field adapted
to X, is a Gibbs state for some shift-invariant nearest neighbour interaction. In particular any
shift-invariant Markov random field p with supp(u) = X, is a Gibbs state for some shift-invariant

nearest neighbour interaction.

Theorem 2.5.1 implies that the conclusion of the second part of the weak version of the
Hammersley-Clifford Theorem holds for X,., that is, Theorem 1.1.1 although the argument is very
different from the safe-symbol case.

For a subshift X, a point x € X will be called frozen if its homoclinic class is a singleton set.
This notion coincides with the notion of frozen colouring in [6]. By Proposition 2.3.4, X, has the
pivot property so x € X, is frozen if and only if for every @i € Z¢, T3 # xj for some 7, ke o{n},
that is, any site is adjacent to at least two sites with distinct symbols. A subshift X will be called
frozen if it consists of frozen points, equivalently Ax is the diagonal. A measure on a subshift X
will be called frozen if its support consists of frozen points. Note that the collection of frozen points
of a given topological Markov field X is itself a topological Markov field.

We derive Theorem 2.5.1 as an immediate corollary of the following proposition:

Proposition 2.5.2. Let r € N\ {1,2,4} and d > 1. Let p be a shift-invariant Markov random
field adapted to X, with Radon-Nikodym cocycle equal to the restriction of €M to its support where
M € M%{i \ G%;i is a Markov cocycle which is not given by a shift-invariant nearest neighbour

interaction. Then u is frozen.

Note that any frozen probability measure is Gibbs with any nearest neighbour interaction
because the homoclinic relation of the support of the measure is trivial. Hence this proposition
proves that any shift-invariant Markov random field adapted to X, is Gibbs for some nearest
neighbour interaction and thus implies Theorem 2.5.1. The intuition behind the proof of this
proposition is the following: For a Markov cocycle M = Y7 | o;M; the condition » ; ;a; > 0
indicates an inclination to raise the height function. However shift-invariance implies the existence
of a well defined “slope” for the height function in all directions. Unless this slope is extremal, that
is, maximal (£||77|;) in some direction 7 € Z%\ {0}, this will lead to a contradiction.

In preparation for the proof, we set up some auxiliary results.

2.5.1 Real Valued Cocycles for Measure-Preserving Z?-Actions

We momentarily pause our discussion about Markov random fields on X, to discuss cocycles for
measure-preserving Z% actions. Subcocycles and further generalisations will be discussed in Section
4.5. Let (X,F,u,T) be an ergodic measure-preserving Z?-action. A measurable function c :
X x 7% — R is called a T-cocycle if it satisfies the following equation p-almost everywhere with
respect to x € X:

c(z, 7 +1m) = c(x, @) + (T, m) Vi, m € Z°. (2.5.1)
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By (2.3.8) the function grad : X, xZ% — R defined in (2.3.3) and (2.3.4) is indeed a shift-cocycle
with respect to the shift action on X,..

We will use the following lemma:

Lemma 2.5.3. Let (X, F,u,T) be an ergodic measure-preserving Z¢ action and ¢ : X x Z% — R
be a measurable cocycle such that for all i € Z% the function f.z(z) := c(z, i) is in L'(u), then for

all i = (ny,na, ... ,ng) € Z¢

lim cla, ki) = /c(:c,ﬁ)d,u(m)

k—o0 k
d
= Zni/c(x,é})du(x).
1=1

The convergence holds almost everywhere with respect to p and also in L' ().

Proof. By the cocycle equation (2.5.1) for y-almost every # € X, any k € N and n € Z? we have:

S
—_

cla, ki)=Y Tz, 7).

I
o

The existence of almost everywhere and L' limit f(x) := limy ;o0 C(gc,’ckﬁ) follows from the pointwise

and L' ergodic theorems. To complete the proof we need to show that the limit is constant almost
everywhere. We do this by showing that the limit is 7-invariant. By the cocycle equation (2.5.1),

for almost every z € X and any m,n € Z% and k € N we have:

c(z, ki) = c(z,m+ kit —m)
= c(x,m) 4 c(T7x, kil — m)
= c(z,m)+c (Tﬁ‘x, k:ﬁ) +c (Tﬁl+kﬁ:1c, —ﬁi) )

Thus,

7))~ FO @) < timsup - (leCe, )|+ |e(T™ T, 7)) < Timsup 1 fea () 1 fe-a(THT70)]

k—00 k—00

Since fe i, fo,—m € L'(1), imsupy_,og £ fem (2)| and limsupy_, o0 | fe.—m (T¥7T™2)| are both equal
to 0 almost everywhere (the second term vanishes because limy_, % g(S*x) =0 a.e for g € L' and

S measure-preserving). Therefore,
.oz k- B B
klin;oT = /c(x,n)du(a;)
d
= Zni/c(x,é’i)du(x).
i=1
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Remark: In the specific case that T is totally ergodic, meaning that the individual action of
each T7 is ergodic for all @ € Z®\ {0}, the lemma above is completely obvious since w =
% Z?;S ¢(T77z, i), which is an ergodic average. The point of Lemma 2.5.3 is that ergodicity of the
Z%-action is sufficient for the limit to be constant.

The cocycle grad : X, x Z% — 7 is not only measurable but also continuous. We can use this,
along with compactness of X, and the unit ball in R¢ to obtain uniformity of the convergence with
respect to the “direction” on a set of full measure.

For convenience we extend the definition of grad : X x Z? — R given by (2.3.3) and (2.3.4) to

a function grad : X x R — R as follows:
grad(z,w) := grad(zx, |W]) (2.5.2)

where @ = (w1, ws, . ..,wq) € R and |@] denotes (|w1], |wa], ..., [wa]).

Lemma 2.5.4. Let r € N\ {1,2,4} and d > 1. Let ju be an ergodic measure on X,. Then p-almost

surely

1
lim sup - |grad(z,@) — (W, 7)| =0
R0 a1 =k

where
vj = /gmd(m,é})du(m) , U= (v1,...,0q),

the supremum is over {& € R% | ||@|, = k}, and (71, 7) = 2% nyv; is the standard inner product.

Proof. Let

1
E. := {x € X, | limsup sup z |grad(z, W) — (W, V)| > e} :

k—oo ||w]1=k

We will prove the lemma by showing that u(E.) = 0 for all € > 0.

Fix € > 0. Since Q¢ is dense in RY, using compactness of the unit ball in (R, || - 1), we can
find a finite £ ¢ Q% which g-covers the unit ball. By this we mean that for all W € R? such that
|@]]1 = 1 there exists @ € F so that ||& — @1 < §. Because F' C Q% is finite, there exists M € N
so that M@ € Z¢ for all @ € F. By Lemma 2.5.3, there exists a measurable set X’ C X, with
w(X’)=1so that forall 4 € F, z € X’

1
lim — MEw) = (u, V).
im ngmd(:n, ki) = (u, v)

k—o0

To complete the proof we will prove that X’ C E°. Given z € X' we can find an integer
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J >8Me ! so that for all k > £ and all 4 € F

grad(z, Mki) — (u,v)| <

| ™

1
ME
Note that for all j > J

) J € .
_M|Lll<=
i3] <

Consider some 1 € R? such that ||@||; = j > J. We can find @ € F so that ||ﬁ — ]y < §. Let
k:= Lﬁj Then
—~ Tare— = . .7 N €.
1o — kMully < ||& = gally + 17 — kM][|ally < 2. (2.5.3)

Now observe that |grad(z,w)| < ||||; for all z € X,., @ € Z%. From the cocycle property (2.3.8) it
follows that for all 7, m € Z¢, z € X,

grad(z,7) = grad(z,m) + grad(c™z, @ — m).
Therefore for all @', @ € R¢

|grad(z, @) — grad(z, )| < || — @'||; + 2d.

Applying the above inequality with @ = & and @ = kM it follows using (2.5.3)

‘gmd(w,tﬁ) — grad(z, kM@)| < ij + 2d.
Also, since ||¥]|co < 1, it follows using (2.5.3) that
(@,7) ~ (kM7 5)| < 3

which yields that for sufficiently large j,
1 ~ S
jlgmd(x,w)—( ,O)| <e.

This proves that X’ C E°. O

2.5.2 Maximal Height Functions
For & € Ht and a finite F' C Z¢, let
Hti«,F = {gjth | Uz = Tz 1fﬁ€F}
Consider the partial ordering on Ht; p given by § > 2 if g5 > 25 for all i € Z%.

35



Lemma 2.5.5. Let £ € Ht and N € N be given. Then (Ht; ,>) has a mazimum. If the mazimum
is attained by the height function y then for all @ € F':

Ji = min{a; + || — k|l | k € OF}.
Proof. We will first prove that given height functions ¢, £ € Ht;  the function @ defined by

l[)lv = max( A;, ZA’;)

is an element of Ht; p.

To see that w is a valid height function, we will show that |w; — ’Uf)j#| =1 for all two adjacent
sites 4, j € Z%. 1f (g, b5) = (§7,87) or (7, d7) = (5, %) then |d; — ;| = 1 because §,2 € Ht.
Otherwise, we can assume without the loss of generality that w; = §; > Z; and ZDJ—: = 2;. > @;. By

Lemma 2.3.3, because (g, 2) € Ay we have
ﬁ;— %’, @j—* — 2?]* € 27.

Thus §; > 2; + 2 and “;. > A]~.+ 2. Since ¢, 2 € Ht we have:

>

1

GHl>g;>2%5+22%5+1>0:+3,

J

<

a contradiction.
We conclude that w € Ht. Also w; = max(y;, Z;) = Z; for all i € F°. Hence w € Htz p.
Since Ht; r is finite, it has a maximum.

Suppose the maximum is attained by a height function §. Let i € F, k € OF and (;1 =

i), i9,i3, . .. ,fp, (Zerl = E) be a shortest path between i and k. Then
P P
7= D05, = Ui 0= D0 O,
t=1 t=1

Therefore g; < 17— E||1 + @ which proves that
- < min{@; + |[i — k|[1 | k € OF}. (2.5.4)

For proving the reverse inequality, note that if § has a local minimum at some 7 € F then the
height at 7 can be increased. Since ¢ is the maximum height function, for each 7 € F' at least one
of the adjacent sites m must satisfy 7z — 9, = 1. Iterating this argument, for all ieF , We can

choose a path fl,jg,fg, . ,fpﬂ, with j’l =1, fg, . ,jp e F, fp+1 € OF along which § is increasing:
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9, 9

Jt+1

=1forallte{1,2,...,p}. Then

p
y;: Zg;t o g;t+1 +y§p+1 Z HZ _jp—l—lHl +g;p+l'
t=1

Combining with the inequality (2.5.4), we get
- = min{@; + |[i — k|| | k € OF}.

O]

Consider a shift-invariant Markov cocycle M € M%;:. Recall that by Corollary 2.4.4 there
exists @ € R and a Gibbs cocycle My € G%(i compatible with a shift-invariant nearest neighbour
interaction such that M = My + aM. The following lemma is based on the idea that in the “non-
Gibbsian” case a # 0, whenever ¢ is much bigger than &, M (z,y) is roughly « times the ‘volume’
of the (d + 1)-dimensional ‘shape’ bounded between the graphs of 4 and # in Z¢ x Z.

For N € N, let

Dy = {itez! | ity < N} (2.5.5)

be the ball of radius N centered at the origin in the standard Cayley graph of Z?. Also, denote:
Sy = {ﬁ ez | ||| = N} (2.5.6)

Note that Sy = 8(D]CV) =0DN_1.
Lemma 2.5.6. Fiz r € N\ {1,2,4} and d > 1. Let M = My + oM be a shift-invariant Markov

cocycle on X,(d) where My € G%:(d) is a Gibbs cocycle compatible with a shift-invariant nearest

neighbour interaction, M is the Markov cocycle given by (2.4.6) and o > 0. Then there exist a
positive constant ¢ > 0 (depending only on d) and another positive constant ca > 0 (depending
only on d and My) such that for all N € N

M(z,y) > cro(ys — i‘ﬁ)dﬂ — ¢y - N¢

for all (2,9) € At satisfying T < g, x = ¢(2), y = ¢(9) and z|pg, = y|ps, -
Proof. Let M = Mo+ aM, (z,y) € Ax, and (i,7) € Apy be as given in the lemma. First we show
that there exists a suitable constant ¢; > 0 (depending on d) so that

M(z,y) > 1 (g5 — 25)* (2.5.7)

Assume that gz — 25 > 0. Denote:

(2.5.8)



Recall that (,9) € Apy, so by Lemma 2.3.3, 5 — &7 € 27 for all 7 € Z4. In particular, K is an

integer. Since ¢z — 7z > 0 we have:

K
Mz,y) > > (Ja—35) = > > (7 — &a).

neDn 7=0 ﬁESj

Since 5 — &7 > §5 — &5 — 2[|7i|1:

H

=
31
<

Il

=

Finally the estimates

. . d—1\ _ 1 4
|Sj’2|{n65j|n>0}|:<‘7 ) >2Jd1

d— d!
give
1 [2K/3]
M(z,y) > 3350 2K —2j) > y S K - 2))
J=[K/3]
d—1 _ o
> a5 E)TE 260G — a0

proving (2.5.7) with ¢; = (6d)~ (41,
Let ¢ be the shift-invariant nearest neighbour interaction corresponding to My. We will show
that there exists a suitable constant co > 0 (depending on My and d) so that |My(z,y)| < caN€.

By expressing My in terms of its interaction we see that

Moa,g)l < 3 lole) — sl < 3 S0 Ielele) — dlyle)l,

CND N #0 neDn CN{R}#0

where C ranges over all the cliques (edges and vertices) in Z4. It follows that |Mo(xz,y)| < cb| Dy
where
= (4d + 2) sup {|qz5(x|c)| | z € X, and C is a clique in Zd} .

Since |Dy| < (2N 4 1)4, it follows that |My(z,y)| < coN¢ with ¢ := 39¢),
Putting everything together, we conclude that

M(.Z',y) > (XM((L’,y) - ’MO(x7y)‘ > Cla(g — I )d+1 C2 - Nd'
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Under the same hypothesis except with o < 0, we get,
M(z,y) < cro- (g5 — fa)dﬂ + ca N4

for the same constants ¢1,co > 0.

Lemma 2.5.7. Let r € N\ {1,2,4} and d > 1. Let p be a shift-invariant measure on X, and
ii € Z¢ such that ||ii|y = 1. If

’ / grad(z, ) dpu(z)| = 1,

then p is frozen.

Proof. If | [ grad(z,i)du(x)| = 1 then either p({z € X, | 25— 27 = 1 mod r}) = 1 or p({z €
X, | 15— 23 = —1 mod r}) = 1. In the first case it follows that p-almost surely xy5_5 = =7 + 1
mod 7 and z5.47 = 5 — 1 mod r for all m € 74, so p-almost surely x is frozen. The second case

is similar. 0

In the course of our proof, it will be convenient to restrict to ergodic shift-invariant Markov

random fields. The following claim justifies this:

Theorem 2.5.8. All shift-invariant Markov random fields p with specification © are in the closure

of the convex hull of the ergodic shift-invariant Markov random fields with specification ©.
Proof. See Theorem 14.14 in [22]. O
We now proceed to complete the proof of Proposition 2.5.2.

Proof. Since a convex combination of frozen measures is frozen, by Theorem 2.5.8 it suffices to
prove that any ergodic Markov random field p adapted to X, with its Radon-Nikodym cocycle
equal to eM on its support where M = My + aM (as in Corollary 2.4.4) and a # 0 is frozen.

Choose any p satisfying the above assumptions, assuming without loss of generality that o > 0.
Let

vj = /gmd(m,éj)d,u(x) forj=1,...,d. (2.5.9)

If |vj| =1 for some 1 < j < d, it follows from Lemma 2.5.7 that p is frozen. We can thus assume
that |vj| < 1 for all 1 < j < d. Choose € > 0 satisfying € < + min{1 — |v;| | 1 < j < d}.
For k € N, let

1
Ay = {$ € X, | sup —|grad(z,w) — (W, V)] < e} .
Jlla=k
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By Lemma 2.5.4 for sufficiently large k, pu(Ax) > 1 —e. Consider x € Ag N supp(p) such that
w(Ag | [x]op,_,) > 1 — 2e. Then for all y € Ay, satisfying y|pe

e =uz|pe and il € 0Dk

—grad(y,n) = 5 — Uz < —(7,0) + ek < (1 — €)k. (2.5.10)

Choose Z which is maximal in Ht; p, , and let z = ¢,.(2). It follows from Lemma 2.5.5 that for
some 11 € 0Dy_1,
25— 25 = |71 = k. (2.5.11)

Since x| pe

¢ =ylpe = z[p:  we can assume by Lemma 2.3.3 that

®lpg_, =dlpg_, = Zlp;_,- (2.5.12)

(2.5.10) together with (2.5.11) and (2.5.12) imply that Z5 — g5 > ke for all y € A satisfying

ylpe | = z|pe . Thus, by Lemma 2.5.6

M(y, z) > cra(k - €)t — ok > e3k®,

the last inequality holding for some c3 > 0, when k is sufficiently large.
It follows that

uedpiy | lon, ) = w(Wlp,, | lelon, )™

We can write Ay, N [z]op, , = Uy([y]pk_1 N [z]op,_, ), where the union is over all y € Lp, ,(X;)
such that [y]p, , N A N [z]ap,_, # 0. There are at most |Lp, ,uap,_,(Xr)| = O terms in the
union above so

) < Okt

(A | [x]aDkq /"L([Z]Dk—l | [‘r]aDkfl)'

It follows that u(Ag | [z]op,_,) — 0 as k — oo. For k sufficiently large this would contradict our
choice of z, for which p(Ay | [z]op,_,) > 1 — 2e. O

2.6 Non-Frozen Adapted Shift-Invariant Markov Random Fields
on X, Are Fully-Supported

We have concluded that any shift-invariant Markov random field which is adapted with respect to
X, is a Gibbs measure for some shift-invariant nearest neighbour interaction. Our next goal is to

show that any such measure must be fully-supported on X,..

Proposition 2.6.1. Let r € N\ {1,2,4}, d > 1 and p be a shift-invariant MRF adapted with
respect to X,.. Then either supp(u) = X, or u is frozen.

Roughly speaking we shall show that for non-frozen shift-invariant Markov random fields the

height function corresponding to a typical point is “not very steep”. Given a height function that
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is “not very steep”, there is enough flexibility to “deform” the height function while keeping the
values fixed outside some finite set. For an adapted Markov random field, the “deformed height
function” corresponds to a point in the support as well, which will be the key to proving the required
result. Somewhat related methods can be found in Section 4.3 of [48]. This is further generalised
in Theorem 4.2.4.

We first introduce some more notation. For z € X, and a finite set F C Z¢ denote:

Rangep(x) := max grad(z, ) — min grad(z, i7). (2.6.1)
ner ner

Given A C Z%, & € Ht(A) and a finite set F C A C Z%, we define:

Rangep (&) := max &7 — min 5. (2.6.2)
ner ner
It follows that if # € Ht and = € X, are such that x = ¢,.() then for all finite F C Z¢, Ranger(z) =
Rangep(Z).

Lemma 2.6.2. (“Extremal values of height obtained on the boundary”) Let F C Z¢ be a
finite set and & € Ht such that Rangegr (&) > 2. Then there exists §y € Ht such that yz = T5 for
all i € F° and

Ranger (§) = Rangeor (j) — 2 = Rangear (&) — 2.

Proof. Denote

T := max 27 and B := min Z.
nedF ReEOF

Let
k=k(z,F):= Zmax(:%ﬁ—T+1,B—a§ﬁ+1,0).

The number « is the absolute value for the deviations of Z|r from the (open) interval (B, T).
We prove the claim by induction on k. If x = 0 then y = z already satisfies the conclusion of this
lemma because B+ 1 < 27z < T — 1 for all @ € F which implies that

= Rangepr(T) — 2.

Now suppose k > 0, and let n € F be a coordinate where & obtains an extremal value for

F U OF. Without loss of generality suppose,

Since all neighbours of 7 are in F' U OF, it follows that Z,; = &3 — 1 for all m adjacent to 7.
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Therefore we have § € Ht given by

Tqm—2 form=mn

T otherwise.

Since Rangeyr (&) > 2, it follows that ¢, is neither a minimum nor a maximum for ¢ in F U JF.
Thus k(y,F) < k(z,F) and so we can apply the induction hypothesis on § and conclude the
proof. O

Lemma 2.6.3. (“Flat extension of an admissible pattern”) Let & € Ht and N € N. Then
there exists § € Ht such that 3 = 27 for 1 € Dyy1 and

Rangeapy ., () = Rangepp, (¥) — 2k,

for all 1 < k < 2en9eoon @)

Proof. We will prove the following statement by induction on M € N: For all N € N and
height functions & € Ht(Dn414nm) with Rangesp, @ = 2M there exists a height function g €
Ht(DNy1+) such that gz = &5 for all 7 € Dyyq and 1 < k < M, Rangespy,, (§) = 2M — 2k.
Observe that the height function g satisfies in particular Rangesp, ., ,,(4) = 0. Thus, the outermost
boundary of § is flat and it can be extended to a height function on Z¢, so the lemma will follow
immediately once we prove the statement above for all M € N.

For the base case of the induction, there is nothing to prove.

Assume the result for some M € N. Let £ € Ht be a height function such that Rangesp, & =
2(M +1). Denote N := N +1+ (M +1) = N+ M +2. Let it € Dg \ Dy41 be a site where &

obtains an extremal value for D \ Dy. If there is no such site then

Rangepp,.,(Z) = max I — min I
L MEIDN 11 MEDDN 11

= P — 1) — in 2+ 1
(max & —1) = ( min &g +1)

= 2M

proving the induction step for that case. Without loss of generality we assume that it is a maximum,
that is,

Typ = _ Max Ty,
mEDN\DN
Then the function g given by
N Tp—2 ifm=n
Y = )
Ty, otherwise
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is a valid height function on Dg. Hence we have lowered the height function at the site 7 of .
Repeating the steps for sites with extremal height (formally, this is another internal induction, see
for example the proof of Lemma 2.6.2), a height function Z can be obtained on D g such that Z = 2
on Dy and

Rangeppy_.,(2) = 2M.

Thus we can apply the induction hypothesis to Z, substituting N + 1 for N to obtain a height

function § on D such that § = & on Dy and

Rangeapy., (9) = Rangesp, (¥) — 2k

for 1 < k < 2enocoon @)

This completes the proof of the statement. O

Lemma 2.6.4. (“Patching an arbitrary finite pattern inside a non-steep point”) Let r #
1,2,4 be a positive integer, d > 1 and N, k € N. Choosey € X, which satisfies RangeaD2N+2r+k+l(y) <
2k and some x € X,.. Then:

1. If either v is odd or xi — yi is even for all i € Z%, then there exists = € X, such that

xz ifn € Dy

27 =
— f c
Vi U1 €DiN okt

2. If r is even and x; — yz is odd for all i € Z% | then there exists z € X, such that

Ti+e if i€ Dy

R
Yi if 1€ Doy yoripin

The idea of this proof lies in the use of Lemmata 2.6.2 and 2.6.3. Given any pattern on Dy
we can extend it to a pattern on Dy with flat boundary which can be then extended to y a little
further away provided the range of y is not too large. There is a slight technical issue we deal with

in the proof below in case r is even. This is essentially due to the fact that for r even we have
Ty — g = || —m|1 mod 2 for all z € X, and 7, m € Z4.

Proof. By applying Lemma 2.6.2 k — 1 times we conclude that there exists ¢y’ € X, such that ¢y =y
on Dy o,y and

Rang€3D2N+2r+2 (y/) = 2.
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For all 7,1 € ODan2r42, || — m||1 is even, therefore g and 7. have the same parity. Thus,
there exist two values ¢, d € Z, which 3 takes on dDyn9,12. Consider a € Z, which is adjacent
(for the Cayley graph of Z,) to both ¢ and d. Then the configuration y) given by

Y. if |7y > 2N +2r +3
Yy =9qa if |7y <2N +2r+2is even
¢ if ||17|l1 < 2N 4 2r +2is odd

is an element of X,. By Lemma 2.6.3 choose () € X, such that :U(1)|DN = z|p, and

RangeaDQNil(:p(l)) =0.
Equivalently, there exists b € Z, so that xg) =bforalln € dDyn_1.
If we are in case (1), either r is even and b = a mod 2 or r is odd. Either way, there is some
integer k € [0,...7 — 1] such that a + k = b — k mod r. Thus, we can find y(Q),:c(Q) € X,, so that

2) agrees with (") in Dayy, and so that both (2 and y® have

y@ agrees with y() in D3y iops (
a common constant value a + k = b+ (r — k) mod r on 0Don4,—k—1. Thus, we get the required

z € X, by setting

. .’Bg) for 77 € D2N+r7k71
TN L@ gor 7 e Do
Y TOr n € Loy 1
To prove case (2) we follow the same procedure, substituting « by o (x). O

We can now conclude the proof of Proposition 2.6.1:

Proof. Let p be a shift-invariant Markov random field and vy, ..., vg be given by (2.5.9).

Assume that supp(p) is not frozen. Then by Lemma 2.5.7, |v;| < 1 for all 1 < j < d. Again,
choose € > 0 satisfying e < $ min{1 — |v;| | 1 < j < d}.

We need to show that for all N € N and patterns ¢ € Lp, (X;), u([c|py) > 0.

From Lemma 2.5.4 it follows that for sufficiently large k,

p({y € X, | Rangepp, (y) <2(1 —€)k}) > 1 —e.
Now choose k > (2N + 2r 4 1) large enough so that there exists y € supp(p) with
Rangepp, (y) < 2(1 —e)k <2(k— (2N +2r + 1)).

By Lemma 2.6.4, it follows that there exists z € X, with z;3 = yz for i € Z¢ \ Dy and zz3 = ¢z
for 7 € Dy. Since u is an adapted Markov random field it follows that z € supp(u), in particular
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p(lelpy) > 0.

2.7 Fully Supported Shift-Invariant Gibbs Measures on X,

Next we demonstrate the existence of a fully-supported shift-invariant Gibbs measure for shift-
invariant nearest neighbour interactions on X,. We will obtain such measures by showing that
equilibrium measures for certain interactions are non-frozen and thus are fully supported by Propo-
sition 2.6.1. To state and prove this result, we need to introduce (measure-theoretic) pressure and
equilibrium measures and apply a theorem of Lanford and Ruelle relating equilibrium measures and
Gibbs measures. Our presentation is far from comprehensive, and is aimed to bring only definitions
necessary for our current results. We refer readers seeking background on pressure and equilibrium
measures to the many existing textbooks on the subject, for instance [47, 58].

Let u be a shift-invariant probability measure on a shift of finite type X. The measure theoretic
entropy can be defined by

1
hoo— i HD~ 2.7.1
mT NS Dy (27.1)

where Dy was defined in (2.5.5) and

HPY = 3 —ullalpy) log p(lalpy ), (2.7.2)
aEEDN(X)

with the understanding that 0log0 = 0.
Given a continuous function f : X — R, the measure-theoretic pressure of f with respect to u

is given by

Pu(f) f:/fdﬂ+hu-

A shift-invariant probability measure p is an equilibrium state for f if the maximum of v — P,(f)
over all shift-invariant probability measures is attained at p. The existence of an equilibrium state
for any continuous f follows from upper-semi-continuity of the function v — P,(f) with respect to
the weak-* topology.

Let ¢ be a nearest neighbour interaction on X. As in [47] define a function f; : X — R by

L= % |ix| (2]4). (2.7.3)

A finite | OeAcCzd

The following is a restricted case of a classical theorem by Lanford and Ruelle:

Theorem 2.7.1. (Lanford-Ruelle Theorem [27, 47]) Let X be a Z%-shift of finite type and
¢ a shift-invariant nearest neighbour interaction. Then any equilibrium state p for fy is a Gibbs

state for the given interaction ¢ adapted to X.
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The statement of the Lanford-Ruelle theorem (in [27, 47]) does not explicitly mention the
adaptedness assumption because for them Gibbs states are always adapted. The topological entropy
of a Z%subshift X is given by

1
h(X) := lim ——log|Lp, (X)|.
(X) = lim Drl 0g |Lp, (X))
We recall the well known wvariational principle for topological entropy of Z?-actions, which (in
particular) asserts that h(X) = sup, h, whenever X is a Z%shift space and the supremum is over
all probability measures on X (Theorem 3.12 in [47]).

Lemma 2.7.2. Let p be shift-invariant, frozen Markov random field on AZd, then h,, = 0.

Proof. Consider X, := supp(p). This is a shift-invariant topological Markov field, consisting of
frozen points. Thus for all finite F C Z49, |Lr(X,)| < |Lor(X,)| . In particular,

log|Lp, (X,,)| < log|Lap, (X,)| < CkT.

It follows that h(X,) = 0, so by the variational principle h, = 0. O

Lemma 2.7.3. Let M be a Gibbs cocycle on X, with a shift-invariant nearest neighbour interaction.
Then there ewists a shift-invariant nearest neighbour interaction ¢ such that M = My and any

equilibrium measure for fy is non-frozen.

Proof. Let (9, y) € Ax, be as in the proof of Proposition 2.4.2. If M € Gy, then there exists

a shift-invariant nearest neighbour interaction ¢ so that

MW,y D) = ¢(li + 2)o) - &([i)o)
d
+ (@i +2,i +1]3) = o(li + Lily) + o(li + 1,0+ 215) — o([i,7 + 1]5)) -

1

<

Consider the nearest neighbour interaction ¢ given by

1

d
¢ ([i+ 1,4]) = ([i,i +1];) == % > (i +1,dly) + o(liyi + 115)) + ¢([lo)
=1

for all i € Z, and j € {1,...,d}, and ¢([i]o) = O for all i € Z,.
It follows that M (2, y®)) = Mdg(x(i), y@) for all i € Z, and so M = M.

Thus we can assume without loss of generality that ¢ = (;3 satisfies

&([iri +1];) = ¢([i + 1,4];) = a; for all i € Z, and j € {1,2,...,d}
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and ¢([t]p) =0 for all i € Z,.

By (2.7.3):
[ retwinta) = [ 33

J

(¢([$*ejvx0]j) + ¢([x07 xej]j)) M($)

d
=1

| =

Thus:

%
|
—

o(li i+ ) pu((i, i + 1) + ([0 + 1,4]5)p(fi + 1,4];)

Q.

I M &

LN

-

I M
- O

ﬁ
I

[ reterinte) =

I
.M&

az‘(lu’([i? P+ 1]j) + M([Z + 17i]j))'

I
o

7

<
Il
—_

Let a = max;<;<, a; attained by a;,. It follows that for any shift-invariant probability measure

[ folwdutz) < d-a

with equality holding iff p([¢,7+ 1];) = p([i + 1,4];) =0 for all a; < a and j =1,...,d.
For a frozen measure p it follows that for some j € {1,2,...,d}, p([i,i+1];) > 0 or p([i+1,14];) >
0 for all i € {0,1,...,7 — 1}. Thus if a; < a for some 0 <1i <r —1, it follows that for any frozen

measure u,

[ fol@dutz) < sup [ falwiv o). (2.7.4)

where the supremum is attained by the measure supported on the orbit of the point periodic point

io ||n||1 odd
Ty =4
io+1 ||n]1 even

x € X, given by

By Lemma 2.7.2, if i is frozen then h, = 0.
Thus in this case by (2.7.4) for any frozen probability measure p

Bta) = [ fotalduta) <sup [ foa)avta) < sup Po(1,)

and in particular any frozen measure p can not be an equilibrium measure for fy.

The remaining case is when a; = a for all 4, in which case f4(x) = d-a is constant. Thus, by the
variational principle sup, P,(fy) = d-a+sup, h, =d-a+ h(X,;). Since h(X,) > 0, it follows that
the strict inequality P,(fs) < sup, P, (fs) holds also in this case for any frozen measure p. Thus we
have the result that for a given Gibbs cocycle with a shift-invariant nearest neighbour interaction
there exists an interaction for that cocycle such that the corresponding equilibrium state is not

frozen. O
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Corollary 2.7.4. Let r € N\ {1,2,4} and d > 1. For all shift-invariant Gibbs cocycles M
on X, there exists a shift-invariant nearest neighbour interaction ¢ on X, with M = My and a

corresponding shift-invariant Gibbs state v with supp(v) = X,.

Proof. By Lemma 2.7.3, there exists a shift-invariant nearest neighbour interaction ¢ on X, with
M = My and an equilibrium measure p for fy which is non-frozen. By the Lanford-Ruelle Theorem

such p is a Gibbs state for ¢ and by Proposition 2.6.1 it is fully supported. O

2.8 “Strongly” Non-Gibbsian Shift-Invariant Markov Random
Fields

In this section we will prove Theorem 1.1.2, that is, demonstrate the existence of shift-invariant
Markov random fields whose specification is not given by any shift-invariant finite range interaction.
In contrast to Gibbs measures with shift-invariant finite range interaction, our example proves that
generally the specification of a shift-invariant Markov random field cannot be “given by a finite
number of parameters”. Our construction is somewhat similar to the checkerboard island system
as introduced in [44].

Let A be the alphabet consisting of the 18 ‘tiles’ illustrated in Figure 2.1: A blank tile, a “seed”
tile (marked with a “0”), 8 “interior arrow tiles” ( 4 of them have arrows in the coordinate directions
and the rest are “corner tiles”) and finally 8 additional “border arrow tiles”( marked by an extra
symbol “B”).

Blank Tile Square Tiles

L el BB ke A
o] L
[ le] [ [ e

Figure 2.1: The Alphabet A

All tiles other than the blank tile will be called square tiles and the tiles with arrows will be
called arrow tiles. The arrow tiles with ‘B’ will be called border tiles and those without ‘B’ will be
called interior tiles. Configurations of an (2n + 1) x (2n + 1) square shape whose inner boundary
consists of border tiles as illustrated by the example in Figure 2.2 will be called an n-square-island.

A square-island refers to an n-square island for some n.
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Figure 2.2: A

w

-Square-Island

Informally, the idea is to have the square tiles form square-islands with the seed tile in the center

and border tiles on their boundary “floating in the sea of the blank tiles”. A ‘generic’ configuration
can be seen in Figure 2.3.

D ] e e e e

B ’—)%j i I e R v B AN

B/F o \L ’ B ”)%j bt

o[ ]I B W T LIV

e R K R Rl R )
M et L e R R e Rl N2
Tol o [P el iede
TBIE | B

Figure 2.3: A ‘Generic’ Configuration

Let X be the nearest neighbour shift of finite type on the alphabet A with constraints:

1. Any “arrow head” must meet an “arrow tail” of matching type (interior or border) and vice
versa.

2. Adjacent arrow tiles should not point in opposite directions.
3. Two corner direction tiles cannot be adjacent to one another.
4. The seed tile is only allowed to sit adjacent to straight arrow tiles.

5. An interior tile is always surrounded by other square tiles while a border tile has an interior

tile on its right and the blank tile on its left (left and right here are taken from the point of
view of the arrow).

Notice that the arrow tiles can turn only in the clock-wise direction. By Constraint (1), every
arrow must either be a part of a bi-infinite path or a closed path. Any such path must either trace
a straight line (vertical or horizontal) or an “L shape” or a “U shape”, or a closed path which traces
a rectangle. By Constraint (5) we find that tiles forming a rectangular path must have square tiles
to their right (in the interior of the rectangle). These are confined to the interior of the rectangle

and thus must themselves trace a smaller rectangle (smaller in terms of the area confined by the
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rectangle). Note that in constraint (5) we mean in particular that corner direction border tiles
have blank tiles on the two sites on their left (where left is taken from the point of view of both the
initial direction and the final direction of the arrow). By Constraints (3) and (2) we can conclude
by induction on the length that closed paths must actually trace squares with a seed in the center.
It follows that the finite connected components of the square tiles are square-islands. The length
of these square-islands is 2N + 1 for some N € N because of Constraints (3) and (4). Two such
square-islands cannot be adjacent because of Constraint (5).

We can also exclude the possibility of a “U shaped” path using Constraints (3) and (2), again
by induction on the length of the “base of the U”.

Because a border of blank tiles can be filled either with a square-island or with blank tiles, one
can easily deduce that X has positive entropy.

For r € N denote by B, C Z?, the [®°-ball of radius 7 in Z?, that is,

By :={(i,5) € Z* | |i|,|j| < r}.

Proposition 2.8.1. Let p be any measure of mazimal entropy for X. Then u is fully-supported.

Proof. We will begin by proving that p-almost surely any square tile is part of a square-island.
Since a seed must be surrounded by arrow tiles, it suffices to prove that any arrow tile is part of a
square-island. By the discussion above, any arrow tile is part of a path which is bi-infinite or traces
a square. An infinite path is either “L shaped” or a straight vertical or horizontal line. It is easily
verified that the appearance of an “L shape” in the origin is a transient event with respect to the
horizontal or vertical shifts, so by Poincaré recurrence the probability of having a “L shaped path”
is zero. An infinite horizontal line forces a half space of horizontal straight line. This forces either
a transient event or periodicity. Because X has positive entropy, for a measure of maximal entropy
for X, the measure of periodic points is 0 as well. Thus p-almost surely, any arrow tile is part of a
path which traces a square. By Constraint (5) either the square tile is contained in a square-island
or there is an infinite sequence of nested square paths. The latter is again a transient event.

Let z € X be such that it does not have any infinite connected component composed of square
tiles. We will now show for all » € N that there exists a finite set A, such that B, C A, C Z? and
x; is the blank tile for all i € 9A,. Let Sq1 € A", Sqs € A2, ..., Sq, € A be an enumeration of
the square-islands in x such that C; N B,y1 # (0 . Let

k
A, = UCZ‘UBT.

i=1

Since every square-island is surrounded by the blank tile, A, has the required properties.
Consider some y € X and n € N. We will prove that p([y]s,) > 0. Any incomplete square-island

in y|p, can be completed (possibly in multiple ways) in By,. By completing these square-islands
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we can obtain z € X such that it satisfies

Yi for i € B,
blank tile for ¢ € BY,.

Now choose any z € supp(u) which does not have any infinite connected component composed
of square tiles. As previously discussed we can find Ay, C Z? such that By, C Ay, and z; is the
blank tile for all i € 0A4,. Then z|ga,, = z|pa,,. By the Lanford-Ruelle Theorem g is a Markov

random field with the uniform specification adapted to X. Therefore

#lzlanwoas) _ 4
(7] Ay 0044,)

proving u([z]s,) = w(lyls,]) > 0.
O

We now describe a subshift of finite type, Y, for which dimension of the space of Markov cocycles
is infinite. Y is a nearest neighbour shift of finite type with the alphabet as in Figure 2.1 but now
with two types of square tiles, type 1 and 2. The adjacency rules are as in the subshift X but also
force adjacent square tiles to be of the same type, that is, any square-island in an element of Y will
consist entirely of tiles of type 1 or of type 2. Let p = (p;)ien € (0,1)Y and ¢ : Y — X be the
map which forgets the type of square tiles. We will now construct a shift-invariant Markov random
field pp obtained by picking x € X according to a fixed measure of maximal entropy p and then
choosing the type of square-islands in = with the distribution: an i-square-island is of type 1 with
probability p; and 2 with probability 1 — p;. Precisely, let F := ¢~ (Borel(X)) be the pull-back of
the Borel sigma-algebra on X. For all y € Y, i € N and A C Z? finite consider the functions

mﬁ\(y) := the number of i-square-islands of type 1 in y intersecting A

ni(y) := the number of i-square-islands of type 2 in y intersecting A.

ftp is the unique probability measure on Y satisfying pp|r = ¢~ ', the pull-back of the measure

and

pp(Wla | F)(y sz (1 - p)h@)

for all A C Z? finite, y € Y. In particular, if there are no square-islands in y intersecting both A
and Z2 \ A then up([y]a) can be written as a product of the distribution ¢~!x and the distribution

of colours, that is,

pip([y]a) = p([6(y)]a) HpTiA(y)u )@
i=1
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and further, for finite sets I' D A U OA

o (Walblea) = s (B@Al@)on) [T (1 = ). (2:8.1)

Let (y,y') € Ay and F be the set of sites on which (y,y’) differ. We note that if y|o is an
infinite connected component consisting of square tiles then y|c = 3/|¢, that is, C N F = (. Thus
we can choose a finite set A C Z? such that F' C A and y; = v/ is a blank tile for all i € JA. Since
w is a Markov random field with uniform specification, (2.8.1) implies for all finite sets ' D AU9A
that

pp () 11 AW () ) (2.8.2)
=1

7

0 i (o i i i
_ Hme(y )_mF(y)(l _ pi)"f?(y/)_n%(y).
i=1

Let My, be the shift-invariant cocycle on Y given by the following:

o0

Mp(y,) =Y _(m(y) — mip(y)) log(pi) + (nf(y') — nk(y)) log(1 — p;)
=1

for all (y,1') € Ay and the finite set F' C Z? on which they differ.
It follows from (2.8.2) that

Hp ( [yl] F) _ 6MID (y,y")
tp([y]r)

whenever (y,y') € Ay and T satisfies the assumptions above. It follows that M} is the logarithm

(2.8.3)

of the Radon-Nikodym cocycle for pu.

We first state a small technical lemma:

Lemma 2.8.2. Let (y,vy), (2,2') € Ay and F be the set of sites on which y and y' differ. Suppose

ylp=zp and y|r=71p,

y|Fc :yl|Fc and Z’Fc :ZI|Fc.

Let C CZ? be a (2i + 1) x (2i + 1) square shape such that y|c is an i-square-island of type 1 and
CNF #0. Then z|c = ylc.
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For all A C Z2 let
Do(A) :={i € Z*\ A | there exists j € A such that ||i — j||; < 2}.

Proof. Let C1,Cs,...,C, C Z? be the square shapes such that for all 1 < j < n,
L. ¢'|c; is a square-island.
2. There is a vertex [ € C; N C such that y; is a border tile.

If there is no such square shape and E is the union of all the edges of C', then F C F' implying
that z[c = y|c. Otherwise we note that by Constraint (5) y'|ac; consists only of blank tiles for all
1 < j < n and divide the proof into the following cases:

1. n=1and C C Cy: Since C # C are square shapes and y|y(ce) consists of border tiles, F

completely contains at least two edges of C'. Thus y|r completely determines the square-island

ylo and z|c = ylc.

2. For some 1 < j <n, C; completely contains one of the edges of C and C' ¢ C;: Suppose C}
contains the top edge T of C'. Since C' ¢ C}, T' does not intersect the top edge of C; and thus
T C F. Then y|r completely determines the square-island y|c and z|c = ylc.

3. For all 1 < j < n the square shape C; does not contain any of the edges of C completely: Let
E denote the union of all the edges of C'. By Constraint (5), for all 1 < j <n and [ € 0.C},
y; is either a blank tile or a border tile implying that CNd2C; C F. Also ¢/| F\U", ¢, consists
only of blank tiles therefore £\ U7_,C; C F. Thus we find that

E\CJCJ U 00ﬂ820j CF
j=1

Jj=1

is a connected set in Z? and touches all the edges of C. Thus y|r completely determines the

square-island y|¢ proving that y|c = z|c.
O

Proposition 2.8.3. For any p € (0,1)N, the measure pp defined above is a shift-invariant Markov
random field with Radon-Nikodym cocycle M.

Proof. By (2.8.3) we are left to prove that the shift-invariant cocycle Mp, is Markov. Let (y,v'), (z,2') €
Ay and F C Z? be as in Lemma 2.8.2. We will show that m&(y') —m%(y) = mi(2') —m&(2): The
inequality m'(z) > m%(y) follows by Lemma 2.8.2. By interchanging z by y the reverse inequality
holds, proving m¥.(z) = m%(y), and similarly we obtain that m%.(2’) = m¥%.(y'). It follows that M,

is Markov.
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Proposition 2.8.3 above proves the existence of uncountably many linearly independent shift-
invariant Markov cocycles which have corresponding fully-supported shift-invariant Markov random
fields. Since the space of Markov cocycles which come from some shift-invariant finite range in-
teraction is a union of finite dimensional vector spaces, this further implies that there exists a
shift-invariant Markov random field which is not Gibbs for any shift-invariant finite range interac-
tion proving Theorem 1.1.2. Alternatively, note that for any Gibbs cocycle with some shift-invariant
finite range interaction the magnitude of the cocycle at a particular homoclinic pair is at most linear
in the size of set of sites at which the two configurations differ. We can choose a p € (0,1)Y such
that this does not happen.

A simple variation on the above construction yields topological Markov fields which are not
sofic: Choose p € [0,1]N. If p; = 0 or p; = 1, this would disallow square-islands of certain types
for specific sizes. Each such p would determine a shift-invariant Markov random field supported
on a shift space contained in Y. Since there are uncountably many such subshifts a majority of
such spaces will be not sofic. However it is easy to see from the proofs above that these are global

topological Markov fields.
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Chapter 3

Generalisation of the
Hammersley-Clifford Theorem on

Bipartite Graphs

In this chapter we will prove Theorem 1.2.1. Most of this chapter is a part of the submitted
manuscript [11]. Taking inspiration from symbolic dynamics we will define n.n.constraint spaces
in Section 3.1. Section 3.2 builds up the necessary background for this work. In Subsection 3.2.1
we introduce Hammersley-Clifford spaces and in Subsection 3.2.2 we introduce Markov-similarity
and V-good pairs. In Subsection 3.2.3 we introduce folding and strong config-folding. Section 3.3
states and proves the main results of this chapter. Since the proofs are technical we work out a
concrete example of our results in Subsection 3.3.1.

In this chapter G = (V, ) will always denote an undirected locally finite, countable, bipartite
graph without self-loops and multiple edges and A will always denote a finite set and be referred
to as the alphabet. H = (Vy,Ey) will always denote a finite undirected graph with or without
self-loops. Adjacency in a graph S will be denoted by ~g. We will often drop the subscript when
the denotation is clear from the context. We remark that in this chapter given A C B C V, given

b € AB the cylinder set (as defined in Section 2.1.1) [b] 4 also represents the corresponding pattern
bla.

3.1 N.N.Constraint Spaces

The following definitions take inspiration from symbolic dynamics ([29]): A closed configuration
space is a closed subset of configurations contained in AY. Let F be a given set of patterns on

finite sets. Then the configuration space with constraints F is defined to be

X5 :={z € AV | patterns from F do not appear in z}.
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A set of constraints F is called nearest neighbour if F consists of patterns on cliques, that is, for
all [a]p € F, diam(F) < 1.

A n.n.constraint space is a configuration space with nearest neighbour constraints. Note that if
G is bipartite then F consists of patterns on edges and vertices. These spaces correspond to nearest
neighbour shifts of finite type as defined in Subsection 2.1.3.

Let Hom(G,H) denote the space of all graph homomorphisms (defined in Section 2.3) from G
to H. For example it was mentioned in Section 2.3 that if Cs is the 3-cycle with vertices 0, 1 and
2 then the space of 3-colourings is Hom(G, Cs).

Given a graphs G and H, Hom(G,H) is an n.n.constraint space where the constraint is given
by

F :={[a,b]pw |a=beVy and v ~w € V}.

Then for all z € Xz and vertices v ~ w € V, x,, ~ x,, which implies x € Hom(G,H). Conversely
for all homomorphisms z € Hom(G,H) and vertices v ~ w € V we have [7](,.,) ¢ F and hence
r € Xr.

N.N.Constraint spaces arise naturally in the study of MRFs as is shown in the following propo-

sitions.

Proposition 3.1.1. Let A be some finite set, G = (V, ) be a graph and X C AY be an n.n.constraint
space. Then X is a topological Markov field.

Proof. Consider A C V finite and z,y € X such that z|px = y|ga. We want to prove that z € AY
defined by
xy if ve AUOA

Yo if vE A

Zy 1=

is an element of X. Let B C V be a clique. If BN A # ¢ then B C AUOA and z|p = x| € L(X)
else BN A = ¢ implying z|p = y|p € Lp(X). Since X is an n.n.constraint space z € X. O
The following proposition completes the bridge between MRFs and n.n.constraint spaces.

Proposition 3.1.2. Let G = (V,€) be a given graph and X be a topological Markov field on the

graph G with a safe symbol. Then X is an n.n.constraint space.

Remark: If ;4 is an MRF then supp(u) is a topological Markov field. Thus this proposition implies
that if a measure p satisfies the hypothesis of the weak Hammersley-Clifford theorem (Theorem
2.2.2), that is, if o is an MRF such that supp(u) has a safe symbol then supp(p) is an n.n.constraint
space. The conclusion of this proposition does not hold without assuming presence of a safe symbol.

(look at the comments following proof of Proposition 3.5 in [12])

Proof. Let x be a safe symbol for X. Consider the set

F:={ae A ACV forms a clique and there does not exist = € X such that z|4 = a}.
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Note that X C Xz and if A C V is a clique then L4(Xr) = L4(X). We want to prove that
Xr C X. We will proceed by induction on n € N, the hypothesis being: Given A C V such that
‘A| =n, [,A(X]:) C [,A(X).

The base case follows immediately. Suppose for some n € N, given A C V satisfying |A| < n,
LA(XF) CLA(X).

For the induction step consider A C V such that |A] =n + 1. There are two cases to consider:
If Ais a clique then £4(Xr) = La(X). If A is not a clique then there exists v € A such that
|0{v}NA| < n. Let a € L4(Xx). We will prove that a € L4(X). Now | ({v} Ud{v})NA|, |A\{v}| <

n, thus the induction hypothesis implies

al(fuivagupna € Lgvyuafuna(X)
and
ala\{oy € La\go}(X).

Consider z,y € X such that

T|(uyuaehna = al{uivafuh)na

and
Yla\fo = ala\foy-

Since * is a safe symbol for X therefore z*,y* € AY given by

Ty if we ({vjuofv})NA

* otherwise

and

. Yw if we A\ {v}
Yo ' = ,
* otherwise

are elements of X. Note that z}, = 2y = aw, ¥}, = Yw = ay if w € 0{v} N A and 2}, =y}, = * if

w € A°. Therefore 7*|5¢,) = y*[sv}- Since X is a topological Markov field, z € AV defined by

ay if we {v}uofv}

yr, otherwise

is an element of X. But z, = 2} = z, = a, and 2z = Y}, = yu = ayp if w € A\ {v}. Hence
zla = a € LA(X). This completes the induction. Hence X = Xr. O

N.N.Constraint spaces allow us to change configurations one site at a time provided the edge-

constraints are satisfied. To state this rigorously we define the following: given 2 € AY, and distinct

57



vertices wi, wa, ..., w, € V and cy,ca,...,c, € A we denote by 0¢ln? 2 () an element of AY
given by
Ty if w # wy,wo ..., Wy

¢; ifu=w; forsomel <i<r.

Proposition 3.1.3. Let G = (V,&) be a bipartite graph. Suppose X C AY is an n.n.constraint
space and v € X. Let wi,ws,...,w, € V be distinct vertices such that w; ~ w; for 1 <i,5 <r
and ¢1,ca,...,¢. € A such that [ci,xw/}{wi,w/} € E{whw/}(X) for all w' ~ w; and 1 < i < r. Then

W1, W,...,W
Ocren e () € X

Specialising to r = 1, if X ¢ AY is an n.n.constraint space and z € X then for v € V and ¢ € A,
0¢(z) € X if and only if [zy, c|{y} € Liww(X) for all w ~v.

Proof. The constraint set for X consists only of patterns on edges and vertices. Thus it is sufficient
to check for all v ~ w that

[0 22 (2) ) € Liw,w) (X)-

Since w; ~ w; for all 1 <4, j < r at most one among v and w is w; for some 1 <4 < 7. If both

of them are not equal to w; then

[ w2t

€1,C2...,Cr (x)]{v,w} - [x]{uw} € ﬁ{v,w}(X)'
Otherwise we may assume v = w; for some 1 <4 < r giving us

[ w2y wr

C1,C24esCr (:E)]{ww} = [Civxw]{wi,w} € £{wi,w} (X)

3.2 Hammersley-Clifford Spaces and Strong Config-Folds

3.2.1 Hammersley-Clifford Spaces

A topological Markov field X C AY is called Hammersley-Clifford if the space of Markov cocycles
on X is equal to the space of Gibbs cocycles on X, that is, My = Gx. If X is invariant under the
some subgroup G' C Aut(G) then X is said to be G-Hammersley-Clifford if M§ = G§.

Examples: (Further examples and explaination follow the statement of Theorem 3.3.2)
1. A frozen space of configurations.

2. A topological Markov field with a safe symbol.
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3. Hom(G, Edge) where Edge consists of two vertices 0 and 1 connected by a single edge.

4. Hom(Z4,C,) where C,, is an n-cycle, d > 1 and n # 4. (Proposition 2.4.5)

This gives examples of Hammersley-Clifford spaces which are not G-Hammersley-Clifford
spaces for some subgroup G C Aut(Z%). It will follow from Theorem 3.3.2 below and example
3 above that Hom(G,Cy) is both Hammersley-Clifford and G-Hammersley-Clifford for all
bipartite graphs G and subgroups G C Aut(G).

3.2.2 Markov-Similar and V-Good Pairs

Suppose we are given a closed configuration space X, a Markov cocycle M € M x and an interaction
V on X. If M is not Gibbs with the interaction V we might be still interested in the extent to
which it is not. An asymptotic pair (z,y) € Ax is called (M, V)-good if

Mzy)= Y (V(lyls) = V(zls))-

SCV finite

In most cases the Markov cocycle M will be fixed, so we will drop M and call a pair V-good instead
of (M, V)-good. An asymptotic pair (z,y) € Ax is said to be Markov-similar to (z,w) if there is
a finite set A C V such that

Ty = Yu,
Zu = wy forue A€
and
Ly = ZRuy
Yu = Wy forue AUIA.

Being V-good is infectious.

Proposition 3.2.1. Let X be an n.n.constraint space, M a Markov cocycle and V a nearest
neighbour interaction on X. The set of V-good pairs is an equivalence relation on X . Additionally

if (z,y), (z,w) € Ax are Markov similar then (x,y) is V-good if and only if (z,w) is V-good.

Proof. The reflexivity and symmetry of the relation V-good are immediate; the cocycle condition
implies that the relation is transitive. Thus the relation is an equivalence relation.

Let (x,y), (z,w) € Ax be Markov-similar pairs. Since M is a Markov cocycle

M(x,y) = M(z,w). (3.2.1)
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Let A C V be a finite set such that
Ty = Zy and Y, = Wy

for u € AUOA and

Ty = Yy and 2z, = Wy

for uw € A°. If S C V is a clique then either S C AUQA or S C A°. If S C AU DA then
z|s = z|g and y|s = w|s

implying
If S C A° then
implying

Since V is a nearest neighbour interaction

Y Vlls) - V(als) = > V([wls) = V([zls)-

SCV finite SCV finite

Since (x,y) is a V-good pair by (3.2.1)

M(z,w)=M@y)= Y (V(yls) - V(zls) = Y V(uwls) = V([ls)

SCYV finite SCV finite

completing the proof.

Corollary 3.2.2. Let X be an n.n.constraint space, M o Markov cocycle and V' a nearest neighbour

interaction on X. Suppose for some (x,y) € Ax there exists a chain x = x1,%2,x3, ..

such that each (x;,xi+1) € Ax and is Markov similar to a V-good pair. Then (z,y) is V-good.

This follows from Lemma 3.2.1.

3.2.3 Strong Config-Folding

We shall now introduce graph folding and extract some of its properties so as to define a strong

notion of folding for closed configuration spaces. Graph folding was introduced in [37] and used

in [6] so as to prove a slew of properties which are satisfied by a given graph if and only if it is

satisfied by its folds. Fix some finite undirected graph H = (Vy, &) without multiple edges. For
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VAN

C, C;

Figure 3.1: Cy and Cj

any vertex a € H we say that H \ {a} is a fold of the graph H if there exists b € H \ {a} such that
{ceVy|c~a} C{ceVy|c~b}.

In such a case we say that a is folded into b.
For example in the 4-cycle Cy4 the vertex 3 can be folded into the vertex 1. However no vertex
can be folded in the 3-cycle Cs.

For any vertex v € V the n-ball around v is given by
D, (v) :={w eV |dg(v,w) <n}

where dg is the graph distance on G.
We wish to generalise the following property:

Proposition 3.2.3. Consider a bipartite graph G = (V,E), a graph H = (Vy,Ex) and vertices
a,b € Vy where the vertexr a can be folded into the vertex b. Let X = Hom(G,H). Then for all
edges (v1,v2), (v2,v3) € € and ¢ € Vi, [a, ¢l vy} € Liv 00} (X) implies

[0, el o102} € Loy 003 (X)
2 b}{w,vs} € ‘C{Umvg}(X) and

[b]apl(yl) € Lop, (1) (X)-

Proof. Since a ~ ¢ and a can be folded into the vertex b we have b ~ ¢. Consider partite classes
P, P, CV of G such that v; € P;. Then the configuration z € VV# given by

bifve P
cifve Py
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is an element of Hom(G,H). Thus

[b7 C]{’Ul,vg} = [‘T]{vl,vz} e £{v1,U2}(X)
[Cv b]{vg,vg} = [‘r]{w,vs} € £{02,U3}(X) and
[b]aDl(vl) = [x]aDl(vl) € EaDl(vﬂ(X)'

O]

For the rest of the chapter fix a bipartite graph G = (V,€). Let X C AY be an n.n.constraint
space. Given distinct symbols a,b € A, we say that a can be strongly config-folded into b if for all
edges (v1,v2), (v2,v3) € € and ¢ € A, [a, ¢|y; vo} € Liv; 00} (X) implies

[b7 C]{vl,vg} € [’{vhvg}(X)y (322)
[C, b]{vg,vg} S ‘C{vQ,vg}(X) and (323)
oD, (01) € LoDy (01)(X)- (3.2.4)

In such a case, X N (A\ {a})Y is called a strong config-fold of X and X is called a strong config-
unfold of X N (A\ {a})Y. Note that X N (A\ {a})Y is still an n.n.constraint space and is obtained
by forbidding the symbol a in X. Further if X is invariant under a subgroup G' C Aut(G) then
X N (A\ {a})Y is also invariant under G. Let X, denote the strong config-fold X N (A \ {a})V.
The idea of folding is captured by (3.2.2) while (3.2.3), (3.2.4) are reminiscent of homomorphism
spaces. Indeed if an n.n.constraint space X satisfies (3.2.2) then for all z € X and v € V such that
xy = a, the configuration §;(x) € X. Thus if a strongly config-folds into b then any appearance of
a in any configuration in X can be replaced by b. Recall that a safe symbol can replace any other

symbol. Thus the notion of strong config-folding generalises the notion of a safe symbol.

Proposition 3.2.4. Let G = (V,&) be a bipartite graph. Let X C AY be an n.n.constraint space
with a safe symbol x. Then any symbol a € A\ {x} can be strongly config-folded into x. The

resulting strong config-fold X, is also an n.n.constraint space with the same safe symbol x.

Indeed X, is obtained just by forbidding the symbol a from X and * is still a safe symbol. In
general it is not necessary that the symbol being strongly config-folded into has to be a safe symbol.
For instance given any bipartite graph G the space Hom(G, Cy), can be strongly config-folded in two
steps to Hom(G, Edge), yet Cy does not have any safe symbol. Note that the strong config-unfold
of an n.n.constraint space with a safe symbol need not have a safe symbol. For example if H is
the graph given by Figure 3.2 then for any bipartite graph G the top vertex is a safe symbol in the
space Hom(G, H).
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Figure 3.2: H

Figure 3.3: H’

However if we attach trees to H to obtain H’ given by Figure 3.3 then Hom(G,H') does not have
any safe symbol but can be strongly config-folded into Hom(G, H) by folding in the trees attached
to H.

Strong config-folding induces a natural map between the spaces of configurations and their

cocycles as demonstrated by the following proposition.

Proposition 3.2.5. Let G be a bipartite graph and G C Aut(G) be a subgroup. Suppose X C AY
is a G-invariant n.n.constraint space and let X, be its strong config-fold. Then the linear map
F:M§ — M$ given by F(M) := M|a,, is surjective and F(G§) = G .

Proof. If M € Gg’; then the restriction of the G-invariant nearest neighbour interaction for M
to X, gives us a G-invariant nearest neighbour interaction for F'(M) proving that F(M) € G)G(a.
Thus F(G§) C Gg;(a' We will construct a map ¢* : M)G(a — M¢ such that qﬁ*(G)G(a) C G§ and
F o ¢* is the identity map on Mg’ga. Note that this is sufficient to conclude that F' is surjective and
F(G§) = Gg;(a thereby completing the proof.

The strong config-folding induces a mapping ¢ : X — X, given by

o)y = Ty if Xy # a

b ifz,=a

forallz € X and v € V. Let g € G and x € X. Then

(92)0 = wy1, if w1, #a

b if (g7)y =241, =a

and
Tg-1, if g1, #a

b ifzg-1, =a.
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Therefore ¢ commutes with the action of G. Note that ¢|x, is the identity.
The map ¢ in turn induces a map between the cocycles which we shall now describe. Let
M € M)G(a be a Markov cocycle. Consider M’ : Ax — R given by

M'(x,y) == M(¢(x), ¢(y))-

We will prove that M’ € M§.
Cocycle condition: If (x,y), (y, z) € Ax then

M'(z,y) + M'(y, z) = M(6(x), $(y)) + M((y), ¢(2)) = M(¢(2), d(2)) = M'(z, 2).

Markov condition: If (x,y), (z,w) € Ax are Markov-similar then (¢(z), d(y)), (¢(2), p(w)) € Ax,
are Markov-similar as well implying M (¢(z), ¢(y)) = M (é(z), ¢(w)) and thus

M'(z,y) = M(¢(z),
= M(¢(2),
= M'(z,w)

o(y))
p(w))

which verifies the Markov condition for M.

G-invariance condition: Since ¢ commutes with the action of G, for all g € G

M'(gz, gy) = M(¢p(gx), d(gy)) = M(g(p(x)), g(b(y))) = M(p(x), d(y)) = M'(z,y).

Hence M’ € Mg;( Moreover if M € Gg;(a with a G-invariant nearest neighbour interaction V', then
for all (z,y) € Ax

M'(z,y) = M(d(z), () = D V($w)]a) = V([6(x)]a)

ACYV finite

proving that V o ¢ is a G-invariant nearest neighbour interaction for M’.
Thus the map ¢* : Mg*;a — Mg*; given by

¢*(M)(z,y) == M(d(x), d(y))

satisfies qﬁ*(G)G(a) C G§. Moreover since ¢|x, is the identity map on X, therefore ¢*(M)|a v, =M
for all M € Mg’;a proving F' o ¢* is the identity map on My, . O

Given a G-invariant topological Markov field Y C X there is always a linear map F : MS;( —
M¢ given by F(M) := M|a, and F(G§) C G§/. However if Y cannot be obtained by a sequence
of strong config-folds starting with X, then this map need not be surjective. Indeed, consider the

following example:
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Let H be the graph given by Figure 3.2. Fix some d € N. Let X := Hom(Z* H) and
Y := Hom(Z% Cs3). Since there is a graph embedding from the 3-cycle C3 to H it follows that
Hom(Z¢,C3) ¢ Hom(Z%,H). Let Z denote the group of translations of the Z? lattice. Since the
top vertex of H is a safe symbol for Hom(Z? H) it follows from the strong Hammersley-Clifford
theorem (Theorem 2.2.3) that M%{d = G%;l. Therefore F (M%(d) C G}Z/d. However by Proposition
2.4.3, GE' ¢ MZ'. 1t follows that F(M%') ¢ MZ".

3.3 The Main Results

Theorem 3.3.1. Let G = (V, E) be a bipartite graph, A a finite alphabet and X C AY a Hammersley-
Clifford n.n.constraint space . Then the strong config-folds and strong config-unfolds of X are also
Hammersley- Clifford.

The G-invariant version of Theorem 3.3.1 holds as well.

Theorem 3.3.2. Let G = (V, &) be a bipartite graph, A a finite alphabet, G C Aut(G) a subgroup
and X C AY a G-Hammersley-Clifford n.n.constraint space. Then the strong config-folds and strong
config-unfolds of X are also G-Hammersley-Clifford.

We know that all frozen spaces of configurations are G-Hammersley-Clifford for all subgroups
G C Aut(G). We can construct many more examples of Hammersley-Clifford spaces by using these

theorems.

1. N.N.Constraint space with a safe symbol.

By Proposition 3.2.4 starting with an n.n.constraint space with a safe symbol x we can
strong config-fold all the symbols one by one into the symbol x resulting in {*x}" which is
frozen. Thus these theorems generalise Theorem 2.2.3 in the case when G is a bipartite graph.
Furthermore any closed configuration space which can be strongly config-folded into a space
with a safe symbol is still Hammersley-Clifford. For instance given the graph H’ in Figure
3.3, even though Hom(G,H') does not have any safe symbol, it is G-Hammersley-Clifford for
any subgroup G C Aut(G).

2. Hom(G, Edge) where Edge consists of two vertices 0 and 1 connected by a single edge.

By these theorems a closed configuration space which can be strongly config-folded into
Hom(G, Edge) is still Hammersley-Clifford. For example if H is the graph given by Figure
3.4 then it can be folded to the graph Edge and hence Hom(G,H) is G-Hammersley-Clifford
for any subgroup G C Aut(G).

3. Consider the space Hom(G, Hn,m) where Hy m, is a graph with vertices Vi, . == {1,2,...,n}
and edges given by (i,7) € &, ,, if and only if |i — j| < m.
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Figure 3.4: A Graph which Folds to the Edge Graph

Q/%)/O\o/o\/(io

Figure 3.5: Hgo

The sequence of folds 1 to 2, 2 to 3, 3 to 4, ..., n — 1 to n yields the space {n}g from
Hom(G, "y m) proving that it is G-Hammersley-Clifford for any subgroup G C Aut(G). A
graph H is called dismantlable if there exists a sequence of folds on the graph leading to a
single vertex. By these theorems, if H is dismantlable then Hom(G, H, ) is G-Hammersley-
Clifford for any subgroup G C Aut(G).

Note that although these are homomorphism spaces, the theorems are true in the general setting

of closed configuration spaces. These specific examples have been chosen for convenience.

3.3.1 A Concrete Example

We will first work out the following example to illustrate the key ideas of the proof.

Suppose H and H' are graphs given by Figure 3.6. Let X := Hom(Z? H). Then by strong
config-folding the vertex a into the vertex b we obtain the space X, := Hom(Z?,H').

Note that X does not have any safe symbol but b is a safe symbol for X,. Let Z? denote the
subgroup of all translations of Z2. By the strong Hammersley-Clifford theorem (Theorem 2.2.3)
X, is Z2-Hammersley-Clifford. We will prove that X is Z?-Hammersley-Clifford.

Let M € M%; be a shift-invariant Gibbs cocycle. Then M|x, is a shift-invariant Markov cocycle

on X, and hence a Gibbs cocycle with some shift-invariant nearest neighbour interaction, which
NI O —

a——C C

Figure 3.6: Graphs H and H’
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we will call V.

—

e v
For e, f,g,h,i € Vy and ¥ € Z? consider the configuration x = [f g h] given by

1

gifu=71

eifu=v+(0,1)

fifu=v-(1,0)
Ty, 1=

hif u =17+ (1,0)

iif u=v-(0,1)

bif u € Dy(v)".

S d 1? . - : . : .
For all ¥ € Z2 let 2¥ = [d a d} . Consider a shift-invariant nearest neighbour interaction V' as

follows:

1. fdv~we Z2, e, f]{ﬁ’,u')’} S E{{)"u‘)‘}(Xa) then

V'(le, fligay) = V(e flgwy) and
V'([ez) = V([elo)- (3.3.1)

2. The interaction between a and d is 0, that is, for all ¥ ~ 0 € Z?
V’([a, d]{g}w}) = 0. (332)
3. The single site interaction for [a]y for all ¥ € Z? is given by

d 17 d 17
Vi = o ([aha]" [a5a]") 4 Vi) + VB dgoaon) + VAo
+V (b, d](5,5+0,1)3) + V (b, dl5,5-0,1)})-

By (3.3.1) and (3.3.2) this implies that the pair [d g dr’ [d g d]v> is V’-good.

N

4. Let

V'(la, d@ara0y) = M ({d dr’ [dgf:]ﬁ) + V([dlgs1,0) — Vclora,0)

(+1,0),5+1,1)3) + V([d, b (51(1,0),5+2,0)})
(7+1,0),5+1,-13) — V[e, blar0)5+1,1)})
=V ([e, bar0)0+@0) — Ve blarao),ara, 1))
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By (3.3.1) and (3.3.2) the previous equation implies that the pair [d g dr , {d g Cr) is V'-
good. Similarly we can define V'([a, c|z5-1,01})s V'([a; lgzo40,1)3) and V'([a, clgz.5-(0,1)})s

. . . - . d 191 da 17
the corresponding expressions of which will imply that the pairs [d a d} , |:c a d} ,
d v v d v v
([aga] " [o5e]"). ([a3a])" [a2a]") ave Voo
d d d c

Since V and M are shift-invariant it follows that V'’ is also shift-invariant. We want to prove
that V' is an interaction for M. Equivalently we want to prove that all asymptotic pairs are V-
good. Let (z,y) € Ax. Since any appearance of a in the elements of X can be replaced by b, by
replacing all the a’s outside the set of sites where x and y differ and its boundary we can obtain a
pair (2!, y!) € Ax which is Markov-similar to (z, y) and has finitely many a’s. Thus by Proposition
3.2.1 it is sufficient to prove that pairs (z,y) € Ax with finitely many a’s are V'-good. Since the
a’s can be replaced by b’s one by one and any pair in Ay, is V'-good by Lemma 3.2.2 it is sufficient

to prove that pairs in X in which a single a is replaced by b are V'-good. Since a can be folded into

b and 9{a} = {¢,d} any such pair is Markov-similar to a pair of the type <|:f 2 h]v , [f z h]”) for

1
some v € Z2 and e, f,g,h,i € {c,d}.
The pairs

(] [rtnl) (] ot ) - ([o] Lol (Lol ] )

are Markov-similar to

(Lol Lol ) (Drta) Logal ) (Lod]" (o)) (Lol [T

respectively. Since e, f,g,h,i € {c,d}, these pairs are V'-good. Thus each adjacent pair in the
e v d 7] d T d
[rae]lren] faan ] [add]
1

, [f Z hr> is V’-good. This completes the proof.
(2

chain

<y
L—
Q
Q
sW
—_
<L
L —
Q
SRS
sW
| )
<L
L —
~
S0
>
—_
S

S

is V’'-good. By Corollary 3.2.2 the pair ([f 2 h}
K3

3.3.2 Proof of Theorems 3.3.1 and 3.3.2

We will now prove Theorems 3.3.1 and 3.3.2. The proof will give an explicit way of computing the
interaction as well. It should also be noted that Theorem 3.3.1 is a special case of Theorem 3.3.2.
Yet we separate the proofs so as to separate the various complications.

Proof of Theorem 5.5.1. The bulk of the proof lies in showing that the strong config-unfolds of

68



Hammersley-Clifford spaces are Hammersley-Clifford. We will first prove that the strong config-
folds of a Hammersley-Clifford space are Hammersley-Clifford. Let X C AY be Hammersley-
Clifford and X, be its strong config-fold. Using Proposition 3.2.5 in the case where G = {id|g}
we obtain a surjective map F': Mx — My, such that F(Gx) = Gx,. Since X is Hammersley-
Clifford, M x = Gx. Hence

a

My, = F(My) = F(Gx) = Gy,

proving that X, is Hammersley-Clifford.

Now we will prove that strong config-unfolds of Hammersley-Clifford spaces are Hammersley-
Clifford spaces as well. Let X C AY be an n.n.constraint space and X, be a strong config-fold of
X where a is strongly config-folded into b. Let the set of nearest neighbour constraints of X be
given by the set Fx. Suppose X, is Hammersley-Clifford.

Let M € Mx be a Markov cocycle. Since X, is Hammersley-Clifford M| Ax, € Gx,. Let
V be a corresponding nearest neighbour interaction. We shall now construct a nearest neighbour
interaction V’ for M. The idea is the following:

Since we have a nearest neighbour interaction for M|a, we will change asymptotic pairs in
X to asymptotic pairs in X, using the fewest possible distinct single site changes. These distinct
single site changes will correspond to patterns on edges and vertices helping us build V'. If we use
the single site changes which involve blindly changing the a’s into b’s we will incur a large number

of such changes; instead we will use a smaller number as described by the following lemma.

Lemma 3.3.3 (Construction of special configurations). Let X be an n.n.constraint space and X,

be a strong config-fold of X where the symbol a is strongly config-folded into the symbol b. Let
V1 := {v € V| there exists w ~ v such that [a,a], .,y € Liyw(X)}

and
Vs = {U S V\Vl | [a]{v} S E{v}(X)}.

For all v € V1 UV there exists x¥ € X such that
1. Ifv e Vy then i) := a and x°|p,(y)\{v} = b-
2. If v € Va then x}) := a and x°|sp, () = b.

Moreover 0f (z) € X4 and if wi,wa, w3, ... w, ~ v and c1,¢z,...,¢, € A such that [a, Ci}{v,wi} c
Ly wy(X) then Oz (a7) € X

Proof. Let v € V1. By (3.2.3) [a,b]{yw) € L{pw}(X) for all w ~v. Again by (3.2.3) it follows that
[b, b]{w,wl} € E{mwl}(X) for all w,w; € V such that w ~ v and w; ~ w. Then none of the patterns
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from Fy, the nearest neighbour constraint set for X appear in ¥ € AP2() given by

a fu=v

b if ue Dy(v)\{v}.

e

For v € Vs there exists ' € X such that x,}) = a. For all w,w; € V such that w ~ v and wy ~ w
(3.2.3) implies that [x},,b]1y.w,1 € Liww}(X). Then none of the patterns from Fx appear in
av € AP2(*) given by

zl if u € Di(v)

u

b ifue Dy(v)\ D1(v).

SIS

Fix v € V1 UVy. By (3.2.4) there exists x € X such that z|yp, () = b. Moreover since a strongly

config-folds into b we can assume that « € X,. Consider z¥ € AY given by

ay if u € Da(v)

Xz

v
“ Xy if u € Di(v)©.

The configurations z¥ satisfy Conclusions (1) and (2) of this lemma. Since each edge in G either
lies completely in Dy(v) or in D1 (v)¢, no subpattern of z¥ belongs to Fx. Therefore 2" € X.

Let v € V1 UVs. Since z € X,, a appears in z¥ only at v . Moreover since a strongly
config-folds into b by (3.2.2), 0} (z") € X4. Let wi,wo,ws,...w, ~ v and cy,c2,...,¢, € A such
that [a, cil{yw;) € Livw,)(X) for all 1 <4 < r. Because the graph is bipartite w; ~ w; for all
1 <i,j <r. By (3.2.3) for all w' ~w; and 1 < i <7, [¢;,b]u; w0} € Liw,,wy(X). By Proposition
3.1.3 0ty (2v) € X O

We will now construct an interaction via the following technical lemma.

Lemma 3.3.4 (Construction of V’). Let X be an n.n.constraint space and X, be a strong config-
fold of X where the symbol a is strongly config-folded into the symbol b. Consider sets Vi,Vo C V
and for all v € V1 U Vs, configurations z¥ € X satisfying the conclusions of Lemma 3.3.3. Let
M € Mx be a Markov cocycle on X such that M|ay, is a Gibbs cocycle with interaction V. Then
there exists a unique nearest neighbour interaction V' on X which satisfies:

Ifv~weV and [c,d|fyuw € Livw)(Xa) then

V/([C, d]{v,w}) = V([C, d]{v,w}) and (3.3.3)
Vi([d)py = V(o) (3.3.4)

ForveViUVy and w ~v
V'([2°]{v,w}) = 0. (3.3.5)
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such that the following pairs are V'-good:
1. (3,9) € Ax,.
2. (6)(x¥),x") forve Vi UVs.
3. (0¢(x),2") forve ViUV, w~wv and c € A\ {a} satisfying [a, c|fywy € Lipw)(X)-
4. (05 (x%),2%) for allv € V1 NP1, w ~ v satisfying [a, al{yw) € Livw)(X)-

In the following proof the reader is encouraged to refer to the statement of Lemma 3.3.3 for

information about configurations x.

Proof of Lemma 3.5.4. We will begin by proving uniqueness of the interaction assuming its exis-
tence. Consider a nearest neighbour interaction V' on X which satisfies the conclusion of this
lemma. We will prove the uniqueness by expressing V'’ in terms of the cocycle M and V.

Since V' satisfies (3.3.3), (3.3.4) and (3.3.5) we have to prove that the following can be expressed
in terms of M and V:

(a) For all v € V; U Vs, the value V'([a]y),

(b) For all v € Vi UVy, w ~ v and ¢ € A\ {z3,,a} such that [a,c](yw € Liyw)(X), the value
V/([a7c]{v7w}) and

(c) For all v € Vi N Py, w~ v such that [a,a]ryw € Liywy(X), the value V'([a, ]y} )-

Proof for part (a): Let v € V1 UVy. Since the pair (0] (z"),2") ((2) in the statement of the lemma)
is V'-good by rearranging the expression for M (6} (z"),z") we get that

V'(lalo) = V'([z"])

= M(0,)(2"),x )+V/ ([0p (z Z V/ Qb {v,w})
Z V' ([2"]) o)) (3.3.6)

Now we will express the right hand side of this expression in terms of M and V. Since 0} (z") € X,

V([0 (2")]{o,01) = V(05 (2")]{v,u}) and V' ([0 (z")]o) = V([0;(2")]v)- By (3.3.5), V/([2"]{p,w}) = 0
Putting all this together we get

V/([aly) = M@OY),z") + V(I ")) + Y V(@) juw))- (3.3.7)

wiw~v

Proof for part (b): Consider v € V1UVs, w ~ v and ¢ € A\{a, z,} such that [a, c|{, )} € Liyw) (X)-
Since the pair (0¥(z"),2") ((3) in the statement of the lemma) is V'-good by rearranging the
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expression for M (z", 0¥ (x")) we get

V'(la, ) = V(102 (2")] (o))
= M@0 @)+ Y. V(2w wy) + V' ([2"]w)

w’w’ ~w

- ( > V’([Gé”(x”)]{w/,w})) — V([0 (2")]w). (3.3.8)

w’w! ~w,w! #v

We will now express the right hand side of this expression in terms of M and V.
By (3.3.5), V'([2"]{v,w}) = 0. We know that (0 (z"))w, zy, # a and if w’ ~ w, w’ # v then
w' € 9D (v) and so (6 (x"))y = i, = b. Therefore by (3.3.3) and (3.3.4)

V,([xv]{w’,w}) = V([xv]{w’,w})a V/([eéu(xv)]{w’,w}) = V([eéu($v)]{w’,w})

and

Putting all this together we get

V/([CL, C]{v,w}) = M(wv,gév(xv)) + Z (V([xv]{w/,w}) - V([eéy(xv)]{w/,w}»

w’:w! ~w,w! #v

+V([2%%w) = V([0 (2°)]w)- (3.3.9)

Proof for part (c): Consider v € V1 N P1 and w ~ v such that [a,a]f, . € Liywy(X). Since the
pair (0% (x"),z") ((4) in the statement of the lemma) is V’-good by rearranging the expression for
M(z?, 0% (z")) we get that

V'(la,alwwy) = V(102 ()] fow})
= M@0 @)+ Y. V(2 wwy) + V' ([2")w)

w’w' ~w

( > v’qe;%x“)]{w/,w}))v’qe::(x”)]w» (3:3.10)

w’:w! ~w,w! #v

We will now express the right hand side of this expression in terms of M and V. By (3.3.5),
V'([#°]{p,wy) = 0. Since v € Vi, for w' ~ w such that w’ # v we know that x;, =z}, = b # a.
Therefore by (3.3.3) and (3.3.4)

V/([xv]{w/,w}) - V([xv]{w/,w})
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and

Since [a,a] € L3 (X) therefore v,w € Vi and 2, = z}), = b for all w’ ~ w, w’ # v. Then by
(3.3.5)

V' ([05 (2")] fw wy) = V' ([b; alfur wy) = V' ([2%]fur 0}) = 0.

By (3.3.7) we get that

V([0 (2")]w) = V'(la]w) = M6} (), «”) + V(65 (@)]w) + Y V(16 (@) fuur))-

w’w’ ~w

Putting all this together, we get

V'(la,alpwy) = M@, 65@))+ Y V(2 Tgwwy) + V(2le) — M6} (), )

w’w! ~ww' #Ev

V(65 @) = (Y V8 @) gwwry)- (3.3.11)

This completes proof for uniqueness. It follows from the proofs that given an interaction V’
which satisfies (3.3.3), (3.3.4) and (3.3.5), Equations(3.3.7), (3.3.9) and (3.3.11) are satisfied if and
only if the pairs listed in (1), (2), (3) and (4) are V’'-good.

Consider a nearest neighbour interaction V' on X given by the following:

(i) fv~weVand [c,dywy € Livw(Xa) then V([c,d]y ) is given by (3.3.3)
(ii) and V'([¢],) is given by (3.3.4).
(iii) If v € V1 UVy and w ~ v, then V'([2"],,,)) is given by (3.3.5).
(iv) If v € V; U Vs, the value V'([a],) is given by (3.3.7).

(v) If v € ViUVy, w ~ v and ¢ € A\ {z7,,a} such that [a,c|fy .y € Lfyw(X), the value
V'(la, clp,wy) is given by (3.3.9).

(vi) f v € V1 N Py, w ~ v such that [a,a](ywy € Lipw(X), the value V'([a, alf,.)) is given by
(3.3.11).

By the preceding paragraph the proof is complete. O

Now we will reap the benefits of the previous lemma. The following lemma explains why the

weak conclusions of Lemma 3.3.4 are sufficient and completes the proof of Theorem 3.3.1.
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Lemma 3.3.5. Let X be an n.n.constraint space and X, be a strong config-fold of X where the
symbol a is strongly config-folded into the symbol b. Let Py, P» be the partite classes of V and
consider V1,Vo C V and z¥ € X for all v € Vi U Vs satisfying the conclusion of Lemma 3.53.3.
Let M € Mx be a Markov cocycle on X such that M|Axa 1s a Gibbs cocycle with some nearest
neighbour interaction V- and V' be an interaction on X as obtained in Lemma 3.3./. Then M € Gx

is Gibbs with nearest neighbour interaction V'.

Proof. We will use the V’'-good pairs guaranteed by Lemma 3.3.4 as steps in proving the following

pairs are V’-good:

(a) Let z € X and v € Vi UV, such that z, = a and z,, # a for all w ~ v. Then (z,6}(z)) is
V'-good.

(b) Let € X and v € V; N Py and w ~ v such that =, = z,, = a. Then (z,6}(x)) is V'-good.
c) All asymptotic pairs (x € Ax are V'-good.
() ymptotic p Y g

Given an asymptotic pair, Statements (a) and (b) allow replacement of the a’s by b’s giving us a
pair in Ax,. From Conclusion (1) in Lemma 3.3.4 we know that all pairs in Ax, are V’-good.
Since the relation V'-good is an equivalence relation this proves Statement (c) thereby completing
the proof.

Consider any v € V1 U Vs and x € X such that x, = a. Let

o{v} = {wi,wa, ... wy}.
Since for all 1 <7 < n, [a, Zw, | {vw} € Livw,}(X), Lemma 3.3.3 implies that

Wy, Wr41...,Wn v
ewwr,xwr+l,...,an (l‘ ) € X.

Let o' = 05,2, (¢¥). The pair (2,6 (z)) is Markov-similar to (z',6;(z')) with A := {v}.
Note

HwJ,wg,...,wT (xl) — ewr_,_l...,wn (:L’U) c X

v v
Layq »Twg s+ Ly LwpyqseTwn

and that 2! and x? differ only on d{v}.

In the following we will remove a’s in configurations from those vertices which are isolated from
other a’s.

Proof of Statement (a): Consider the sequence

L0 (), 00 (@), O () = o, 6)(a"), 65 ().

Here single site changes have been made on 9{v} taking us from z' to z°. Then the symbol at v
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has been changed to obtain 6 (z"). In the last step 6y (z") has been changed on d{v} to obtain
0y (zh).
Note that each

(9w1,W2,~..,wr (1‘1) W1, W2, Wr41 (xl))

v v v v v v
‘TwliwaP‘"‘Twr ’ .’Ewl 7x11127"'7z1ur+1

is Markov-similar to (07" (zV),2?) for all 0 <7 < n — 1 with A := {w,41}. By Conclusion (3) in

3y
Lemma 3.3.4, (9;}11:; (a:”)r,t/cl”) is V'-good for all 0 < r < n—1. Thus by Corollary 3.2.2, we get that
(x', %) is V'-good. By Conclusion (2) in Lemma 3.3.4 and symmetry of the relation V’-good we get
that (°, 6y (z")) is V'-good. Since 67 (z?), 6} (z') € X,, Conclusion (1) in Lemma 3.3.4 implies that
(07 (zV),0¢(x1)) is V'-good. Stringing these together by Corollary 3.2.2 we arrive at (x!, 67 (z!))
being V'-good. But (2,6 (z')) is Markov-similar to (z,6} (z)). Therefore by Proposition 3.2.1 we
get that (z,0;(x)) is V'-good.

In the next step we remove the a’s which are not isolated.
Proof of Statement (b): We construct a sequence from = to 6;(x) in three parts. In the first part
single site changes will be made on 9{v} taking us from x! to x?. In the second part the symbol
at v will be changed to obtain 6} (z"). In the last part single site changes will be made on 9{v} to
obtain 67 (z') from 67 (V).

Consider the sequence

(21, 0% (b)), 0002, (xh),. .. gLzt

v v v v v
’ xwl ’ xwlﬂmwz ’ Iw17mw27'“van

(@”, 05 (z")),
(9;; (xv)7 0;”1111}1 (Qg(xv))’ H;Ullll)ff};%& (9;: (g;v))7 ceey QUL W2, Wn (0[1)) (l‘v)) — Qg (1‘1))

1 1 1
xwl ,wa [RRRTXAvYey

(ah) = a"),

In the first part of the sequence notice that

(9w1,w2,...,wr (xl) W1,W2 50, Wy 1 (xl))

v v v v v v
T Ty r oLy, P T g s

is Markov-similar to (607" (2V),2") for all 0 < r < n —1 with A := {w,41}. If for some 0 <
Wr41
r <mn-—1,zL  # athen by Conclusion (3) in Lemma 3.3.4 we get that (67" (2?),2") is V'-

w. 1

r+1 xwr+1
1
Wr41

(07t (x), %) is V'-good. Proposition 3.2.1 implies that

1
wwr+1

good. If forsome 0 <r<n-1,z = a then by Conclusion (4) in Lemma 3.3.4 we get that

<w1,w2,...,wr ( 1) W1,W2,..., Wr41 (.7}1))

v v v v v v
Ty 1 Thg r Ty, P B g s

is V'-good for all 0 < r < n — 1. By Corollary 3.2.2, we get that (z',2") is V’-good and we are
done with the first part of the sequence.
For the second part of the sequence by Conclusion (2) in Lemma 3.3.4 and symmetry of the
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relation V’-good we get that (2,0} (z")) is V'-good.
For the third part of the sequence the asymptotic pair

(O824 GO ("))

1 1 Vel 21 1
Ty Ty r - rTapy. Ty g 1Ty g

is Markov-similar to (6 (z%), 67" (67(x?))) for all 0 <r <n —1 with A = {w,41}.

21
r+1
If for some 0 < r <n—1, z,, # athen (67 (z"), 9;“5*; (67 (2")) € X, and by Conclusion (1) in
Lemma 3.3.4 we get that (6} (z"),0,, ™" (67 («"))) is V'-good. Since v € Vi, 2| p,(w)\{o} = b. Thus
Wpr41

1

wyyy = @ then

if forsome 0 <r<n-—1,z

(61" (65("), 05 (")) = (67+ (6} (2), 6" (67 + (6} ("))

and (077" (07 (2Y)))w = b # a for all w’ ~ w,41. By Statement (a) in the proof of this lemma we
get that (67 (67 (z)), 0, (8,7 (0 (x?))) is V'-good. By symmetry of the relation V’-good we
get that (0} (zV), H;U%Z“ (67 (z"))) is V'-good in this case as well.

Thus for all 0 ST:}S n — 1 we find that (02’(:0”),0;"11:“ (67(z"))) is V'-good. Using Corollary
3.2.2 we find that (67 (z?), 67 (z')) is V'-good. o

So we have proven that (z!,2v), (2,67 (z")), (67 (x?), 67 (z')) are V'-good. Stringing them by
Corollary 3.2.2 we get that (x',6¢(z!)) is V'-good. But (z!, 67 (z')) is Markov-similar to (z, 6} (z)).
Therefore by Proposition 3.2.1 we get that (z, 6 (x)) is V'-good.

The previous two statements give us the freedom to change the a’s into b’s. Now we will use
them to prove the last statement.

Proof of Statement (¢): Consider an asymptotic pair (z,y) € Ax. Let

F={veV |z, #y}
and 2!, y' € AY be obtained by replacing the a’s outside F U 9F by b’s, that is

Ty ifu € FUOF or x, # a

b otherwise

and
yy ifu € FUOF or y, # a

b otherwise.

By (3.2.2) #',y! € X. Since z = y on F*, it follows that (z,y) and (2!, y') are Markov-similar but
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there are only finitely many vertices where 2! and y! equal a. Let

{vi,v9,...,v,} = {veP |zl =a}
{wi,wa,...,wn} = {weP |y, =a}

{Vps1, V12 gy = {veE Pzl =a}
{wp 1, W g0 W} = {we Py|yl =a}

vl,v2 ﬂ)z (3;‘1)

index the vertices with @ in 2! and y'. By Lemma 3.3.3 the configurations 0, and

0,5 %" (y') are elements of X forall 1 <i <r+kand1 < i < ¢/ +F. Therefore we can
consider the sequence (3.3.12 to 3.3.16) in X:

We begin by replacing the a’s in z!' from the partite class Py by b’s.
(z', 6, (21), 0;2’1}2(:61) Ot "(z)). (3.3.12)

In the resulting configuration 6, 1) adjacent vertices cannot both have the symbol a; the

1

’U2,b ,’Ur(

a’s left in the configuration z* are changed to b’s.

(O (@0, 0,572 @) O (1)), (3:3.13)
After removing the a’s from ' and y' the configurations obtained are elements of Xj,.

Oy (@), Oy 57 (1)), (3.3.14)

Tactics from Sequences 3.3.12 and 3.3.13 are employed in reverse to obtain y' starting with

W1,W2...,Ww,
R (T

(ezlj;:.zf?b...,ww-s-k/ (y1)7 9;1”;:.1.1:21;..,ww+k/_1 <y1)’ o 9;;1’1;’,‘1.1:26...,wrl (yl)), (3.3.15)
R 7 N S S (71 BN/ (T BT B (3.3.16)

For all 1 < i < r, the vertex v; € P and the symbol z;, = a. Thus by Statements (a) and (b)
in this proof we get that
(O 5" (@), (B 5" (1)
is V’-good. Thus all adjacent pairs in the Sequence 3.3.12 are V'-good
Notice that (6, (¢")), # a for allv € Py and hence (6,2, * (x1)), # aforall1 <i <k

and v € P;. Now consider an adjacent pair in the Theorems 3.3.13,

(0511;1.1.2.,5”%% (.Tl), 9;)11)77.)'2'75~-»U'r+i+1 (xl))

for some 0 < i < k — 1. Since vy4411 € P, (05711)’:)_2_7’5“’UT“(1:1))1U # a for all w ~ v,4;11. But
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(9;}711)”1.)_2.7’5"1)"“ (2'))v,,,4, = a, therefore by Statement (a) we get that

(O ), 2 ()
is V’'-good.

Notice that (957117’7?2.7’5"1}”’“ (x1)), (952:?2""%'*’“' (y')) € X,. Thus by Conclusion (1) in Lemma
3.3.4, we get that the Pair 3.3.14 is V'-good.

The proof that the adjacent pairs listed in Sequences 3.3.15 and 3.3.16 are V'-good is identical
to the proof for the Sequences 3.3.13 and 3.3.12 with an additional use of the symmetry of the
relation V'-good.

Thus all adjacent pairs in Sequences 3.3.12-3.3.16 are V’-good. By Corollary 3.2.2 we get that
(x1,y!) is V'-good. But (2!,y') is Markov-similar to (x,y). By Proposition 3.2.1 we have that
(x,y) is V'-good. This completes the proof. O

If G is finite then Theorem 3.3.2 follows immediately from Theorem 3.3.1: if V'’ is a nearest

neighbour interaction for a G-invariant Markov cocycle M then

ZgEG gV,
|G|

is a G-invariant nearest neighbour interaction for M. We will prove the following result which along

with Proposition 3.2.5 immediately implies Theorem 3.3.2.
Theorem 3.3.6. Let G = (V,€) be a bipartite graph and A a finite alphabet. Let G C Aut(G)

be a subgroup. Let X be a G-invariant n.n.constraint space and X, be a strong config-fold of X.
Suppose M € M)G( 1s a G-invariant Markov cocycle. Then M € G§( if and only if M|a, € G)G(a.
Proof. By Proposition 3.2.5, M € Ggé implies M|ay, € G)G(a. We will prove the converse. Let
M € M§ such that M| Ax, € Gg’;a. Let V be a G-invariant nearest neighbour interaction for
M|y, -

Mimicking the proof of Lemma 3.3.3 we will now obtain special configurations ¥ in a G-invariant
way.
Lemma 3.3.7. Let G C Aut(G) be a subgroup, X be a G-invariant n.n.constraint space and X, be
a strong config-fold of X where the symbol a is strongly config-folded into the symbol b. Let

Vi :={v € V| there ezists w ~ v such that [a,a]{,wy € Liyw(X)}

and

Vo :={veV\V|[al, € L,(X)}.

Then V1 and Vs are invariant under the action of G. Moreover for all v € Vi U Vs, there exists

x € X satisfying the conclusions of Lemma 5.3.5 such that (gz")|gp,v) = 9°|gDy(v) for all g € G.
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Proof. Since X is G-invariant it follows that the sets V; and Vs are G-invariant.

Consider some v € V) and g € GG. Then by Lemma 3.3.3 there exists z¥, 29" € X such that
Ty = xgz = qa and x”\DQ(U)\{v} = ng‘Dg(gv)\{gv} = b. Thus we find that (gfL’U)|gD2(v) = xgv’gDz(v)'

Let v € Va. Then for all w ~ v, g € G and ¢ € A\ {a} the pattern [a, c|(y ) € Liyw)(X) if
and only if [a, c|g0.guw} € L{gv,gw}(X). Thus for all w ~ v we can choose ¢, € A\ {a} such that
[a,c%w]{uw} € E{va}(X) and ¢y = Cgugw for all g € G. Note that since v € Vo we know that
Cow 7 G-

By (3.2.4) there exists 'Y € X such that 2
into the symbol b we can assume that ¥ € X,. Consider 2V € AY defined by

oD, (v) = b. Since a can be strongly config-folded

a ifu=w
=4 ifu~o

zy" if u € Dy (v)°.

e

Note that a appears in 2 only at the vertex v. Any edge (u1,u2) in G lies either completely in
Ds(v) or in Dy(v). If the edge lies in Dy (v)¢ then [2"]y, vy} = x}fhw} € Ly, uz)(X). If the edge
is of the form (v,w) then [z"](, vy = [@, Cowl{vw) € Livw}(X). If the edge is of the form (w,w’)
where w € 0{v} and w’ € 9D1(v) then [£"] 1y w1y = [Co.ws bl fw,w}- Since (v, w) and (w, w’) are edges
in the graph G and [a, ¢y w]| € Ly} (X) by (3.2.3) we know that [cyw, b]{wwy € Liww(X).

Thus we have proved for every edge (u1,u2) in G that [2°](y; w1 € Liu; u.}(X). Since X is an

n.n.constraint space we get that ¥ € X.

Moreover for all v € Vs and g € G

a ifu=gv
(92°)u = Cpg-ty ifu~gv
b if u € dD1(gv)
and
a ifu=gv
(29%)y = Cquu = Cpg-1y if U~ gu
b if u € 9D;(gv),

that is, (ng)|gD2(v) = mgv|gD2(U)'
Thus the configurations z" satisfy Conclusions (1) and (2) of Lemma 3.3.3 and (gz")|yp, ) =
9%, (v) for all g € G and v € V;UV,. The rest follows exactly as in the proof of Lemma 3.3.3. [

Consider sets Vq,Vs C V and for all v € V configurations z¥ € X as obtained by Lemma 3.3.7.
Then by Lemma 3.3.4 there exists a unique nearest neighbour interaction V’ on X such that the
pairs listed in (1), (2), (3) and (4) listed in Lemma 3.3.4 are V'-good. By Lemma 3.3.5 we get that
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V' is a nearest neighbour interaction for M. We will prove that the interaction V' is G-invariant.
For this we will invoke the uniqueness of the interaction satisfying the conclusions of Lemma 3.3.4.
Let g € G. gV’ is a nearest neighbour interaction corresponding to gM = M. Thus the pairs
listed in (1), (2), (3) and (4) in Lemma 3.3.4 are gV’-good. Since V' is G-invariant, gV’|c, =
gV = V. Hence gV’ satisfies (3.3.3), (3.3.4).
If v € V1 UV, then we know from Lemma 3.3.7 that (92")|gp, () = 29°|gp, (v)- Thus if w ~ v
since V' satisfies (3.3.5) we get that

-1y -1

gV,([xv]{v,w}) - V/([x%wi]{g*lv,g*lw}) - V/([xg—lu7xz—lvw]{gflv,gflw}) =0.

Thus the interaction gV’ satisfies (3.3.5). We have seen that the interaction gV’ is a nearest
neighbour interaction which satisfies (3.3.3), (3.3.4) and (3.3.5) such that the pairs listed in (1),
(2), (3) and (4) in Lemma 3.3.4 are gV’-good. By Lemma 3.3.4 we know that such an interaction
is unique. Thus gV’ =V’ and M € G§.

O

This leads us to the following corollary:

Corollary 3.3.8. Let G = (V, &) be a bipartite graph and A a finite alphabet. Let G C Aut(G) be a
subgroup. Let X be a G-invariant n.n.constraint space and X, be a strong config-fold of X. Then
M$/GS is isomorphic to M)G(G/Gg(a.

Clearly this corollary subsumes Theorem 3.3.2 and implies Theorem 1.2.1. Thereby to under-
stand the difference between Markov and Gibbs cocycles it is sufficient to study the cocycles over
closed configuration spaces which cannot be strongly config-folded any further.

Also this corollary is most relevant when the dimension of the quotient space Mg( / Gg’; is finite.

For example this holds in the following two situations:
1. The underlying graph G is finite.

2. The underlying graph G is Z¢ for some dimension d, G is the group of translations on Z¢ and

the space X has the pivot property (Proposition 2.2.6).

Proof. By Proposition 3.2.5 the map F': Mg*; — M)G(a given by
F(M) = M|a,, for all M € M§,
is surjective. By Theorem 3.3.6 we know that for a Markov cocycle M € M)G(, M e G)G( if and only

if M|ay, € G§,. Thus F1(GY,) = G§.
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Via the second isomorphism theorem for vector spaces the map
F:M$/F7Y(GS,) — M§./GS.

given by
F(M mod F7(GY,)) :== F(M) mod G,

is an isomorphism. Since F' _1(G§a) = G)G( the proof is complete.
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Chapter 4

Four-Cycle Free Graphs, the Pivot
Property and Entropy Minimality

By H we will always denote an undirected graph without multiple edges and single isolated ver-
tices. The main aim of this chapter is to prove Theorem 1.3.2 (Theorem 4.1.4) and Theorem 1.4.1
(Theorem 4.1.2). Most of this chapter is part of the submitted manuscript [10].

Hom-shifts will be introduced in Section 4.1. Some aspects of thermodynamic formalism will
be stated in Section 4.2. Some technical details regarding folding will be discussed in Section 4.3.
Universal covers will be defined in Section 4.4 and the generalised height functions, subcocycles

will be described in Section 4.5. The proof of the main results can be found in Section 4.6.

4.1 Hom-Shifts

For a graph H we will denote the adjacency relation by ~ and the set of vertices of H by H
(abusing notation). We identify Z? with the set of vertices of the Cayley graph with respect to the
standard generators €1, @, ..., €y, that is, i ~za j if and only if ||i — j|; = 1 where || - ||1 is the !
norm. We drop the subscript in ~% when H = Z%. Let D,, and B,, denote the Z%balls of radius n
around 0 in the I! and the [* norm respectively. The graph C,, will denote the n-cycle where the
set of vertices is {0,1,2,...,n — 1} and ¢ ~¢, j if and only if i = j + 1 mod n. The graph K,, will
denote the complete graph with n vertices where the set of vertices is {1,2,...,n} and i ~g,, j if
and only if 7 # j.

A sliding block code from a shift space X to a shift space Y is a continuous map f: X — Y
which commutes with the shifts, that is, ol o f=7fo ol for all i € Z4. A surjective sliding block
code is called a factor map and a bijective sliding block code is called a conjugacy. We note that a
conjugacy defines an equivalence relation; in fact, it has a continuous inverse since it is a continuous
bijection between compact sets.

In this chapter, we will focus on a special class of nearest neighbour shifts of finite type where
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the forbidden patterns are the same in every ‘direction’:

Given a graph H let
XY := Hom(Z,H) = {z € HZ | 27~y x5 for all i~ gt

Such spaces will be called hom-shifts. We fix some dimension d > 2 and thereafter drop the
superscript in X;‘_ll. If H is finite and

Fu = {lv,wlgg, | v oo w1 <j <d}

€5

then we noted in Section 3.1 that X3 = Xz, and hence is nearest neighbour shift of finite type.
These are exactly the nearest neighbour shifts of finite type with symmetric and isotropic con-
straints. For example if the graph H is given by Figure 4.1 then Xy is the hard square shift, that
is, configurations with alphabet {0,1} such that adjacent symbols cannot both be 1. X, is the
space of n-colourings of the graph, that is, configurations with alphabet {1,2,...,n} where all ad-
jacent colours are distinct. We note that the properties, symmetry and isotropy, are not invariant
under conjugacy. In this new notation the spaces X,, introduced in Chapter 2 are the hom-shifts
X, forn #1,4.

F will always denote a set of patterns and H will always denote a graph, there will not be any
ambiguity in the notations Xz, X4.

A finite graph H is called four-cycle free if it is finite, it has no self-loops and Cy is not a

subgraph of H. For instance K4 is not a four-cycle free graph.

@,

Figure 4.1: Graph for the Hard Square Shift

Hom-shifts form a special class of shifts of finite type. In general the set of globally allowed
pattern is different from the set of locally allowed patterns: Let X be a shift space with a forbidden
list 7. Given a finite set A, a pattern a € A“ is said to be locally allowed if no pattern from F
appears in a. In general it is undecidable for shifts of finite type whether a locally allowed pattern
belongs to £(X) [46]; however it is decidable when X is a hom-shift where it is sufficient to check
whether the pattern extends to a locally allowed pattern on B,, for some n.

It is well known that the topological entropy (introduced in Section 2.7) of a shift space X can

be calculated via the following equation:
htop(X) = lim

The existence of the limit follows from subadditivity arguments via the well-known multivariate

version of Fekete’s Lemma [8]. Moreover the topological entropy is an invariant under conjugacy
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(for d = 1 look at Proposition 4.1.9 in [29]; the proof extends to higher dimensions). We remark
that the computation of this invariant for shifts of finite type in d > 1 is a hard problem and
very little is known [40], however there are algorithms to compute approximating upper and lower
bounds of the topological entropy of the hom-shifts [19, 30]. When H is a finite connected graph
with at least two edges, then A, (X) > 0:

Proposition 4.1.1. Let H be a finite graph with vertices a,b and ¢ such that a ~¢ b and b ~ c.
Then hyop(Xp) > 10%2.

Proof. 1t sufficient to see this for a graph H with exactly three vertices a, b and ¢ such that a ~3 b
and b ~ c. For such a graph any configuration in Xy is composed of b on one partite class of Z¢

and a free choice between a and c¢ for vertices on the other partite class. Then

L5, (X)| = 21255 4 ol

proving that hop(Xy) = 10%2‘ -

A shift space X is called entropy minimal if for all shift spaces Y C X, hiop(X) > heop(Y). In
other words, a shift space X is entropy minimal if forbidding any word causes a drop in entropy.
From [45] we know that every shift space contains an entropy minimal shift space with the same

entropy and also a characterisation of same entropy factor maps on entropy minimal shifts of finite

type.
One of the main results of this chapter is the following:

Theorem 4.1.2. Let H be a connected four-cycle free graph. Then Xy is entropy minimal.

For d = 1 all irreducible shifts of finite type are entropy minimal [29]. A necessary condition

for the entropy minimality of X4 is that H has to be connected.

Proposition 4.1.3. Suppose H is a finite graph with connected components Hy, Hs,...H,. Then
hiop(X3) = maxi<i<y huop(Xo;).-

This follows from the observation that

max |Lp, (Xp,)| < |1Ls, (X3)| = L5, (Xn,)| < " max LB, (X#n,)|.

1<i<r ,
=1
The following theorem is another main result in this chapter. We refer the reader to Section
2.2.2 so as to review the pivot property.
Theorem 4.1.4. For all four-cycle free graphs H, Xy has the pivot property.

It is sufficient to prove this theorem for four-cycle free graphs H which are connected because

of the following proposition:
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Proposition 4.1.5. Let X1, X, ..., X, be shift spaces on disjoint alphabets such that each of them
has the pivot property. Then U}, X; also has the pivot property.

This is true since (z,y) € Ayr_ x, implies (7,y) € Ay, for some 1 <i < n.

4.2 Thermodynamic Formalism

In this chapter we will introduce several special cases of theorems introduced in Section 2.7 which
will be useful in this chapter. We refer to it in case the reader would like to review the definitions
of measure theoretic entropy and equilibrium states. Adapted measures can be reviewed from
Subsection 2.1.2.

Given a shift-invariant probability measure v let h, denote the measure theoretic entropy of
v. A shift-invariant probability measure p is a measure of maximal entropy of X if the maximum
of v — h, over all shift-invariant probability measures on X is obtained at u. In other words,
measures of maximal entropy are equilibrium states for the function f = 0. The well-known
variational principle for topological entropy of Z%actions asserts that if 1 is a measure of maximal
entropy hop(X) = hy, whenever X is a shift space.

The following is a well-known characterisation of entropy minimality (it is used for instance in
the proof of Theorem 4.1 in [32]):

Proposition 4.2.1. A shift space X is entropy minimal if and only if every measure of mazximal

entropy for X is fully supported.

We understand this by the following: Suppose X is entropy minimal and p is a measure of

maximal entropy for X. Then by the variational principle for X and supp(u) we get

htop<X) = hu § htop(supp(:u)) S htOp(X)

proving that supp(u) = X. To prove the converse, suppose for contradiction that X is not entropy
minimal and consider Y C X such that hop(X) = hiop(Y). Then by the variational principle there
exists a measure p on Y such that hy, = hyop(X). Thus p is a measure of maximal entropy for X
which is not fully supported.

Further is known if X is a nearest neighbour shift of finite type: Given a set A C Z? we denote
the r-boundary of A by 0, A, that is,

OTA:{u?eZd\A‘ 1@ — @1 < r for some 7 € A}.

Note that 014 = 0A. A uniform Markov random field is a Markov random field p such that

1

nA7b‘aA

ullala | Bloa) =
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where 144, = {a € A4 | p([a]a N [bloa) > 0}].

The following is a special case of Theorem 2.7.1:

Theorem 4.2.2. All measures of maximal entropy on a nearest neighbour shift of finite type X

are shift-invariant uniform Markov random fields p adapted to X.

The converse is also true under further mixing assumptions on the shift space X (called the
D-condition).

We will often restrict our proofs to the ergodic case. We can do so via the following standard
facts implied by Theorem 2.5.8 and Theorem 4.3.7 in [26]:

Theorem 4.2.3. Let p be a shift-invariant uniform Markov random field adapted to a shift space
X. Let its ergodic decomposition be given by a measurable map r — p, on X, that is, u =
fX taedp. Then p-almost everywhere the measures i, are shift-invariant uniform Markov random
fields adapted to X such that supp(pe) C supp(p). Moreover [ hy, du(z) = hy,.

We will prove the following:

Theorem 4.2.4. Let H be a connected four-cycle free graph. Then every ergodic probability measure

adapted to Xy with positive entropy is fully supported.

This implies Theorem 4.1.2 by the following: The Lanford-Ruelle theorem implies that every
measure of maximal entropy on Xz is a uniform shift-invariant Markov random field adapted to
X4 . By Proposition 4.1.1 and the variational principle we know that these measures have positive
entropy. By Theorems 4.2.3 and 4.2.4 they are fully supported. Finally by Proposition 4.2.1, Xy
is entropy minimal.

Alternatively, the conclusion of Theorem 4.2.4 can be obtained via some strong mixing con-
ditions on the shift space; we will describe one such assumption. A shift space X is called
strongly irreducible if there exists g > 0 such that for all z,y € X and A, B C Z? satisfying
ming_ , s p |7 — jlli > g, there exists z € X such that z|4 = |4 and z|p = y|p. For such a
space, the homoclinic relation is minimal implying the conclusion of Theorem 4.2.4 and further,
that every probability measure adapted to X is fully supported. Note that this does not prove that
X is entropy minimal unless we assume that X is a nearest neighbour shift of finite type. Such an
argument is used in the proof of Lemma 4.1 in [32] which implies that every strongly irreducible
shift of finite type is entropy minimal. A more combinatorial approach was used in [51] to show
that shift spaces (and not just shifts of finite type) with a more general mixing property called

uniform filling are entropy minimal.

4.3 Folding, Entropy Minimality and the Pivot Property

Recall, as in Subsection 3.2.3 given a graph H we say that v folds into w if and only if u ~y v
implies u ~7; w. In this case the graph H \ {v} is called a fold of H. This map gives rise to a
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‘retract’, that is a graph homomorphism from #H to H \ {v} which is the identity on H \ {v} and
sends v to w. This was introduced in [37] to help characterise cop-win graphs and used in [6] to
establish many properties which are preserved under ‘folding’ and ‘unfolding’. Given a finite tree
‘H with more than two vertices note that a leaf vertex (vertex of degree 1) can always be folded to
some other vertex of the tree. Thus starting with H, there exists a sequence of folds resulting in a

single edge. In fact using a similar argument we can prove the following proposition.

Proposition 4.3.1. Let H C H' be trees. Then there is a graph homomorphism f : H' — H such
that f|y is the identity map.

To show this, first note that if # C H' then there is a leaf vertex in H’ which is not in H. This
leaf vertex can be folded into some other vertex in H'. Thus by induction on |H'\ #H| we can prove
that there is a sequence of folds from H’ to H. Corresponding to this sequence of folds we obtain
a graph homomorphism from H' to H which is the identity on H.

Here we consider a related notion for shift spaces. Given a nearest neighbour shift of finite type
X cC AZd, the neighbourhood of a symbol v € A is given by

Nx(v) = {a € A% | [v]5 N [aly5 € L, (X))},

that is the collection of all patterns which can ‘surround’ v in X. We will say that v config-folds
into w in X if Nx(v) C Nx(w). In such a case we say that X config-folds to X N (A\ {v})%". Note
that X N (A\ {v})%" is obtained by forbidding v from X and hence it is also a nearest neighbour
shift of finite type. Also if X = Xy for some graph H then v config-folds into w in Xy if and only
if v folds into w in H. Thus if H is a tree then there is a sequence of folds starting at X4 resulting
in the two checkerboard configurations with two symbols (the vertices of the edge which H folds
into). This property is weaker than the notion of folding introduced in Subsection 3.2.3.

The main thrust of this property in our context is: if v config-folds into w in X then given
any x € X, every appearance of v in x can be replaced by w to obtain another configuration in
X. This replacement defines a factor (surjective, continuous and shift-invariant) map f : X —
XN (A\ {o})Z given by
r; ifx;#v

w ifx;:v.

Note that the map f defines a ‘retract’ from X to X N (A\ {v})%*. Frequently we will config-fold
more than one symbol at once (especially in Section 4.6):

Distinct symbols vy, vs, ..., v, config-fold disjointly into wi,ws, ..., w, in X if v; config-folds
into w; and v; # w; for all 1 < 4,5 < n. In this case the symbols vy, v9,...,v, can be replaced by
wy, Wa, . . ., Wy simultaneously for all x € X. Suppose v, v9, ... v, is a maximal set of symbols which
can be config-folded disjointly in X. Then X N (A\ {v1,v2,..., vn})Zd is called a full config-fold of
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X. Let v; config-fold into w; for all 1 < i <n. Consider fx : A — A\ {v1,v2,...,v,} given by

v ifv#v;foralll <j<n
fx() =

w; if v =v; for some 1 < j < n.

This defines a factor map fx : X — X N (A\ {v1,v9,... ,Un})Zd given by (fx(z)); := fx(=z;) for
all i € 7. fx denotes both the factor map and the map on the alphabet, it should be clear from
the context which function is being used.

For example consider a tree H := (V,E) where V := {v1,v2,v3, ..., Up41} and € := {(vs, vp11)|1 <
i < n}. Then {vy,vs,...,v,-1} is a maximal set of symbols which config-folds disjointly into v,
in Xy resulting in the checkerboard patterns with the symbols v, and v,4+1. Though the full
config-fold is not necessarily unique, we choose a full config-fold for every shift space and use it to
construct the corresponding function fx.

In many cases we will fix a configuration on a set A C Z% and apply a config-fold on the rest.

Hence we define the map fx 4 : X — X given by

Ty if ZG A
(fx,A(z)); =

fx(zz)  otherwise.

The map fx a can be extended beyond X:

Proposition 4.3.2. Let X C Y be nearest neighbour shifts of finite type, Z be a full config-fold
of X and y € Y such that for some A C Z4, Ylacua(ae) € Lacua(aey(X). Then the configuration z
given by

Y- ifie A

Ix(y;)  otherwise

is an element of Y. Moreover z|ac € Lpc(Z).

Abusing the notation, in such cases we shall denote the configuration z by fx a(y).

If A€ is finite, then fx 4 changes only finitely many coordinates. These changes can be applied
one by one, that is, there is a chain of pivots in Y from y to fx a(y).

A nearest neighbour shift of finite type which cannot be config-folded is called a stiff shift. As
in the case for graphs where all the stiff graphs obtained by a sequence of folds of a given graph are
isomorphic [6], all the stiff shifts obtained by a sequence of config-folds of a given nearest neighbour
shift of finite type are topologically conjugate via one-block maps; the proof is similar and we omit

it. Starting with a nearest neighbour shift of finite type X the radius of X is the smallest number
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of full config-folds required to obtain a stiff shift. If H is a tree then the radius of X4 is equal to

{dz‘ame;er(?—[) J |

Thus for every nearest neighbour shift of finite type X there is a sequence of full config-folds (not
necessarily unique) which starts at X and ends at a stiff shift of finite type. Let the radius of X be
rand X = Xg, X1, X2,..., X, be a sequence of full config-folds where X, is stiff. This generates a
sequence of maps fx, : X; — X;41 for all 0 < <r—1. In many cases we will fix a pattern on D,
or Dy and apply these maps on the rest of the configuration. Consider the maps Iy, : X — X
and Ox, : X — X (for n > r) given by

Ix,(z):= FXo 1Dy (fXT,g,DnH,Q (... (fxo,0n(2)) - )) (Inward Fixing Map)

and

Oxn(®) = fx,_.,0s ., (fXT_Q,D;_TH (- (fxo,0g (2)) )) (Outward Fixing Map).

Similarly we consider maps which do not fix anything, Fx : X — X, given by

Fx(x) = fx,_y (fx,o (- (fxo(2)) - ) -

Note that Dy U 0Dy = Dy and D U O(Df) = Df_,. This along with repeated application of
Proposition 4.3.2 implies that the image of Iy, and Ox, lie in X. This also implies the following

proposition:

Proposition 4.3.3 (The Onion Peeling Proposition). Let X C Y be nearest neighbour shifts of
finite type with radius r, Z be a stiff shift obtained by a sequence of config-folds starting with X

and y',y* € Y such that y1|D%71 € Lpe_ (X) and Y?|Dpir € LD,y (X). Let 21 22 €Y be given by
Zl = fX'rflaDn+'r71 (fX'r'72aDn+'r72 ( t (fX()yDn (yl)) . ))
22 = fxo_ipe_ (erf%Diﬂ-H (- (fxo.0¢ (yQ)) . )) forn >r.
The patterns ZI|D%+T—1 € Lp:, (Z) and 22|pyyir € LDy, (Z). Ify',y* € X then in addition
2| pe = Fx(yY|pe and
n+r—1 n+r—1
22|Dn—r+1 = FX(y2)’Dn—r+l'

Abusing the notation, in such cases we shall denote the configurations z! and 2% by I Xjn(yl)
and Ox (y?) respectively. Note that Ix»(y')|p, = y'|p, and Oxn(y?)|p: = y*|pe. Also, Ox,, is

a composition of maps of the form fx 4 where A€ is finite; there is a chain of pivots in Y from y to
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Oxn(y)-

There are two kind of stiff shifts which will be of interest to us: A configuration z € A% s
called periodic if there exists n € N such that 0" (x) = z for all 1 < i < d. A configuration x € X
is called frozen if its homoclinic class is singleton. This notion coincides with the notion of frozen
coloring in [6]. A subshift X will be called frozen if it consists of frozen configurations, equivalently
Ax is the diagonal. A measure on X will be called frozen if its support is frozen. Note that any
shift space consisting just of periodic configurations is frozen. All frozen nearest neighbour shifts

of finite type are stiff.

Proposition 4.3.4. Let X be a nearest neighbour shift of finite type such that a sequence of config-
folds starting from X results in the orbit of a periodic configuration. Then every shift-invariant

probability measure adapted to X is fully supported.

Proposition 4.3.5. Let X be a nearest neighbour shift of finite type such that a sequence of config-
folds starting from X results in a frozen shift. Then X has the pivot property.

Examples:

1. X := {O}Zd U{l}Zd is a frozen shift space but not the orbit of a periodic configuration. Clearly
the delta measure ¢ (032 is a shift-invariant probability measure adapted to X but not fully
supported. A more non-trivial example of the nearest neighbour shift of finite type which
is frozen but not the orbit of a periodic configuration is the set of the Robinson tilings [46].
It is well known that it is uniquely ergodic and the unique measure is an (adapted) uniform

Markov random field which is not fully supported.

2. A shift space X C AZ* is said to have a safe symbol % if for all z € X and A C Z? the

configuration z € A%’ given by

z; ifieA

* if i € A°

is also an element of X. Then any symbol in X can be config-folded into the safe sym-
bol. By config-folding the symbols one by one we obtain a fixed point {*}Zd. Thus any
nearest neighbour shift of finite type with a safe symbol satisfies the hypothesis of both the

propositions.

3. Suppose H is a graph which folds into a single edge (denoted by Edge) or a single vertex v
with a loop. Then the shift space X7 can be config-folded to Xggg4e (Which consists of two
periodic configurations) or the fixed point {’U}Zd respectively. In the latter case, the graph H
is called dismantlable [37]. Note that finite trees and the graph Cy fold into an edge. Thus in
this class of examples ‘H may have Cy as a subgraph or self-loops. For dismantlable graphs

H Theorem 4.1 in [6] implies the conclusion of Propositions 4.3.4 and 4.3.5 for Xy.
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Proof of Proposition 4.3.4. Let u be a shift-invariant probability measure adapted to X. To prove
that supp(pu) = X it is sufficient to prove that for all n € N and = € X that u([z]p,) > 0. Let
Xo =X, X1, Xo,..., X, be a sequence of full config-folds where X, := {051 (p), ol (p),... ,J;’C*I(p)}
is the orbit of a periodic point. For any two configurations z,w € X there exists i € Z% such that
Fx(z) = Fx(UZ(U})). Since p is shift-invariant we can choose y € supp(p) such that Fx(z) =
Fx(y). Consider the configurations Ix ,(z) and Ox ni2,—1(y). By Proposition 4.3.3 they satisfy

the equations

IX,n (.Cl?) |D$L+’I‘71 = FX (.%') ‘Dfﬁ»rfl and
OX,TL-{-QT—l (y) |Dn+»,— = FX (y) |Dn+'r :

Then Ix,(x)|op, .1 = Oxn+2r—1(Y)|0D,,_.- Since X is a nearest neighbour shift of finite type,

the configuration z given by

Z|Dn+r = Ixan(x)’Dn+'r
zlpe, Oxn+2r—1(Y)Ds
is an element of X. Moreover
zlp, = Ixn(®)|Dp, =zlD,
Z|D§+2T71 = OX,n+2r—1(y)’D;+2T71 = y|Dfm+2r71'

Thus (y,z) € Ax. Since u is adapted we get that z € supp(p). Finally

w(lx]p,) = p(z]p,) > 0.
O

Note that all the maps being discussed here, fx, fx a, Fx, Ixn and Ox, are (not necessarily
shift-invariant) single block maps, that is, maps f where (f(x)); depends only on z;. Thus if f is
one such map and z|4 = y|a for some set A C Z¢ then f(z)|4 = f(y)|a; they map homoclinic pairs

to homoclinic pairs.

Proof of Proposition 4.3.5. Let Xog = X, X1, Xo,..., X, be a sequence of full config-folds where
X, is frozen. Let (z,y) € Ax. Since X, is frozen, Fx(z) = Fix(y). Suppose z|ps = y|pe for some
n € N. Then Ox n4r-1(2)|pe = Ox nir—1(y)|De. Also by Proposition 4.3.3,

Ox nir—1(2)|p, = Fx(2)|p, = Fx(¥)|p, = Oxntr—1(Y)|D,-
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This proves that Ox p4r—1(2) = Oxpnir—1(y). In fact it completes the proof since for all z € X
there exists a chain of pivots in X from z to Ox y4r—1(2). O

4.4 Universal Covers

Most cases will not be as simple as in the proof of Propositions 4.3.4 and 4.3.5. We wish to prove the
conclusions of these propositions for hom-shifts X3 when H is a connected four-cycle free graph.
Many ideas carry over from the proofs of these results because of the relationship of such graphs
with their universal covers; we describe this relationship next. The results in this section are not
original; look for instance in [56]. We mention them for completeness.

Let H be a finite connected graph with no self-loops. We denote by dy the ordinary graph
distance on ‘H and by Dy (u), the ball of radius 1 around u. A graph homomorphism 7 : C — H is
called a covering map if for some n € NU {oo} and all u € H, there exist disjoint sets {C;}7; C C
such that 7! (Dy(u)) = UL,C; and 7|c, : C; — Dy(u) is an isomorphism of the induced
subgraphs for 1 < i < n. A covering space of a graph H is a graph C such that there exists a
covering map w : C — H.

A universal covering space of H is a covering space of H which is a tree. Unique up to graph
isomorphism [56], these covers can be described in multiple ways. Their standard construction
uses non-backtracking walks [1]: A walk on H is a sequence of vertices (vy,va,...,v,) such that
v; ~gq Vi1 for all 1 < i <n—1. The length of a walk p = (v1,va,...,v,) is |p| = n— 1, the number
of edges traversed on that walk. It is called non-backtracking if v;_1 # v;4q for all 2 < i <n —1,
that is, successive steps do not traverse the same edge. Choose a vertex u € H. The vertex set of
the universal cover is the set of all non-backtracking walks on H starting from wu; there is an edge
between two such walks if one extends the other by a single step. The choice of the starting vertex u
is arbitrary; choosing a different vertex gives rise to an isomorphic graph. We denote the universal
cover by Ey. The covering map « : Fyy — H maps a walk to its terminal vertex. Usually, we will
denote by 4, and w the vertices of Fy such that m(a) = u, () = v and w(w) = w.

This construction shows that the universal cover of a graph is finite if and only if it is a finite
tree. To see this if the graph has a cycle then the finite segments of the walk looping around the
cycle give us infinitely many vertices for the universal cover. If the graph is a finite tree, then all
walks must terminate at the leaves and their length is bounded by the diameter of the tree. In
fact, the universal cover of a tree is itself while the universal cover of a cycle (for instance Cy) is Z
obtained by finite segments of the walks (1,2,3,4,1,2,3,4,...) and (1,4,3,2,1,4,3,2,...).

Following the ideas of homotopies in algebraic topology, there is a natural operation on the
set of walks: two walks can be joined together if one begins where the other one ends. More
formally, given two walks p = (vy,v2,...,v,) and ¢ = (w1, w2, ..., w,) where v, = wy, consider
p*xq = (v1,v2,...,Up, W2, W3, ..., Wy,). However even when p and ¢ are non-backtracking p * ¢ need

not be non-backtracking. So we consider the walk [p  ¢] instead which erases the backtracking
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segments of px ¢, that is, if for some i € N, v,_j11 # w; and v,,—j41 = wj for all 1 < j <4 —1 then

D*q] = (v1,02, ..., Vp—i1, Wie1, Wi, - . ., Wiy).

This operation of erasing the backtracking segments is called reduction, look for instance in
[56]. The following proposition is well-known (Section 4 of [56]) and shall be useful in our context

as well.

Proposition 4.4.1. Let H be a finite connected graph without any self-loops. Then for all v, €
Ey satisfying w(0) = w(w) there exists a graph isomorphism ¢ : By — FEy such that ¢(0)

and wo ¢ =T.

To see how to construct this isomorphism, consider as an example (u), the empty walk on H and

(v1,v2,...,v,), some non-backtracking walk such that v; = v, = u. Then the map ¢ : By — Ey
given by
d(0) = [(v1,v2,...,0,) xW].
is a graph isomorphism which maps (u) to (v1,ve,...,v,); its inverse is ¢ : B3y — Ey; given by
(W) = [(vn, Vn—1,...,01) * 0.

The maps ¢, described above give rise to natural maps, also denoted by ¢ and 7 where
¢ : XEH — XEH

is given by ¢(Z); := ¢(Z;) and
T XEH — Xy

is given by 7(Z); := 7(¥;) for all i € 79 respectively. A lift of a configuration z € Xy is a
configuration € Xg,, such that mox = x.

Now we shall analyse some consequences of this formalism in our context. More general state-
ments (where Z? is replaced by a different graph) are true (under a different hypothesis on H), but
we restrict to the four-cycle free condition. We noticed in Section 4.3 that if H is a tree then Xy
satisfies the conclusions of Theorems 4.2.4 and 4.1.4. Now we will draw a connection between the

four-cycle free condition on H and the formalism in Section 4.3.

Proposition 4.4.2 (Existence of Lifts). Let H be a connected four-cycle free graph. For all x € Xy

there exists T € X, such that n(Z) = x. Moreover the lift T is unique up to a choice of Zj.

Proof. We will begin by constructing a sequence of graph homomorphisms z" : D,, — FE3 such
that m o 2" = z|p, and 2™|p, = Z" for all m > n. Then by taking the limit of these graph

homomorphisms we obtain a graph homomorphism & € Xpg,, such that m oz = x. It will follow
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that given Z° the sequence " is completely determined proving that that the lifting is unique up
to a choice of 7.

The recursion is the following: Let z" : D,, — Ex be a given graph homomorphism for some
n € NU {0} such that m o 2" = z|p, . For any ic Dy 41\ Dy, choose a vertex j € D,, such that
;’ ~ 1. Then 77(:76;1’) =Ty~ 17 Since 7 defines a local isomorphism between Fy; and H, there exists

a unique vertex vy ~ ;i;i € Ey such that 7(0;) = z7. Define "t D, 1 — Ey by

en ip T
bl _ Tz ifi e D,

' Uy ifi € Dpy1\ Dh.

Then clearly = o "1

= z|p,,, and ""!|p, = ". Note that the extension z"*! is uniquely
defined given ™.

We need to prove that this defines a valid graph homomorphism from D, 1 to Fyx. Let ie
Dy1\ D, and j € D, be chosen as described above. Consider if possible any j' # j € D,, such

that j’ ~1i. To prove that 2"t! is a graph homomorphism we need to verify that i;}fl ~ :i?“.

Consider 7 € D,, such that i ~ j and j/. Then 7,7,i and j' form a four-cycle. Since H is

four-cycle free either x3; = x> or T3 = 3.

Suppose T; = Ty the other case is similar. Since 7 is a local isomorphism and 5:3“,:%7};“ ~
1 1
# we get that 22t = #27. But 7, € D, and #"t'|p, = &" is a graph homomorphism;
1 7

therefore JNT?—H = Q?SH ~ .i'?/_H. o
Corollary 4.4.3. Let H be a connected four-cycle free graph and x,y € Xy . Consider some lifts
z,y € Xg,, such that n(%) = = and w(y) = y. If for some i € 74, Iz = y; then T =y on the
connected subset of

{7 ez z;=y;}

which contains 1g.

Proof. Let D be the connected component of {ZE il Tz = y;} and D be the connected component
of {i e Z%| Tz = ¢z} which contain io.

Clearly D ¢ D. Suppose D # D. Since both D and D are non-empty, connected sets there
exist i € D \ D and ] € D such that i ~ j Then 7 = y;, T3 =Yz and 5:;. = g];. Since 7 is a local
isomorphism, the lift must satisfy Z> = ¢ implying 7 € D. This proves that D = D. O

The following corollary says that any two lifts of the same graph homomorphism are ‘identical’.

Corollary 4.4.4. Let H be a connected four-cycle free graph. Then for all &', 3% € XEg,, satisfying

7(2') = (%) = x there exists an isomorphism ¢ : By — Ey such that ¢ o ' = 2.
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Proof. By Proposition 4.4.1 there exists an isomorphism ¢ : F3; — E3 such that gf)(i“é) = 5:% and
mo¢ =m. Then (poil)z = 50% and 7(¢ o 7!) = (70 ¢)(Z') = 7(2!) = 2. By Proposition 4.4.2
poi! =i O

It is worth noting at this point the relationship of the universal cover described here with
the universal cover in algebraic topology. Undirected graphs can be identified with 1 dimensional
CW-complexes where the set of vertices correspond to the 0-cells, the edges to the 1-cells of the
complex and the attaching map sends the end-points of the edges to their respective vertices.
With this correspondence in mind the (topological) universal covering space coincides with the
(combinatorial) universal covering space described above; indeed a 1 dimensional CW-complex is
simply connected if and only if it does not have any loops, that is, the corresponding graph does not
have any cycles; it is a tree. The results in the section are well known in much greater generality.
Look for instance in Chapter 13 in [35] or Chapters 5 and 6 in [31].

4.5 Generalised Height Functions and Sub-Cocycles

Existence of lifts as described in the previous section enables us to measure the ‘rigidity’ of con-
figurations. In this section we define generalised height functions and subsequently the slope of
configurations, where steepness corresponds to this ‘rigidity’.

Fix a connected four-cycle free graph H. Given z € X4 we can define the corresponding
generalised height function hy : 7% x 7% — 7 given by hx(;, ;) = dp, (T, jj) where Z is a lift of
x. It follows from Corollary 4.4.4 that h, is independent of the lift Z.

Given a finite subset A C Z¢ and x € Xy, we define the range of  on A as

Range4(x) := max hx(fl,jg).
J1,J2€A
For all x € Xy
Range(x) < Diameter(A)

and more specifically
Rangep, (x) < 2n (4.5.1)

for all n € N. Since z € X, is a map between bipartite graphs it preserves the parity of the
distance function, that is, if i, j € Z% and « € Xy then the parity of |];— ;Hl is the same as that of
h(i,7). As a consequence it follows that Rangegp, (z) is even for all z € X3 and n € N. We note
that

Range s(x) = diameter(Image(Z|a)).

The generalised height function h, is subadditive, that is,

-,

ha(i,7) < ha(iy K) + ha(K, ))
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for all x € X3 and ;,j and k € Z?. This is in contrast with the usual height function (as in
Subsection 2.3 and [41]) where there is an equality instead of the inequality. This raises some
technical difficulties which are partly handled by the subadditive ergodic theorem.

The following terminology is not completely standard: Given a shift space X a sub-cocycle is a
measurable map ¢ : X x Z4 — NU {0} such that for all 7, € Z¢

-
- -, — B -,

c(zyi+7) < c(z,i) +c(o'(x), )

Sub-cocycles arise in a variety of situations; look for instance in [25]. We are interested in the case
ez, Z) = h,(0, Z) for all z € Xy and 7 € Z%. The measure of ‘rigidity’ lies in the asymptotics of this
sub-cocycle, the existence of which is provided by the subadditive ergodic theorem. Given a set X
if f: X — R is a function then let f* := max(0, f).

Theorem 4.5.1 (Subadditive Ergodic Theorem). [58] Let (X, B, i) be a probability space and let
T : X — X be measure preserving. Let {fn}>2, be a sequence of measurable functions fp : X —

R U {oo} satisfying the conditions:

(a) fi" € L'(n)
(b) for each m, n>1, foim < fon+ fm o T" p-almost everywhere.

Then there exists a measurable function f — R U {—occ} such that f* € L'(u), foT = f,

limy, o0 %fn = f, u-almost everywhere and

1 1
lim /fndu:inf/fndu:/fdu.
n—oo N n n

—

Given a direction i = (i1,4a,...,iq) € R¢let |7] = (|41], [i2], ..., |iq]). We define for all z € Xy

the slope of x in the direction i as

—

sl-(z) ;== lim lhx(ﬁ, [ni])

? n—so0 N,

whenever it exists.

If 7 € Z% we note that the sequence of functions f, : X» — NU {0} given by

—

fu(z) = hm(ﬁ, ni)

satisfies the hypothesis of this theorem for any shift-invariant probability measure on X3 |f1| <
||]l1 and the subadditivity condition in the theorem is just a restatement of the sub-cocycle condition
described above, that is, if T = o' then

— -

Frtm (@) = ha(0, (n + m)i) < he(0,nd) + h_n;_(0,m0) = fo(z) + fin(T™(2)).
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The asymptotics of the generalised height functions (or more generally the sub-cocycles) are a
consequence of the subadditive ergodic theorem as we will describe next. In the following by an
ergodic measure on Xy, we mean a probability measure on X3 which is ergodic with respect to
the Z?-shift action on Xy.

Proposition 4.5.2 (Existence of Slopes). Let H be a connected four-cycle free graph and p be an
ergodic measure on Xy . Then for all iezd

1 -
slz(z) = lim —h.(0,ni)

n—oo n,

exists almost everywhere and is independent of x. Moreover z‘f;: (i1,i2...,1q) then

d
Z lik|sle, (
k=1

Proof. Fix a direction i € Z%. Consider the sequence of functions {f,}>2; and the map T :
X4y — Xy as described above. By the subadditive ergodic theorem there exists a function
f: Xy — RU{—00} such that

lim —f,, = f almost everywhere.
n—oo N

Note that f = sl Since for all z € X3 and n € N, 0 < f,, < n||il|1, 0 < f(x) < ||i]l1 whenever it
exists. Fix any ; € Z¢. Then

and hence
—ha(3,0) + he (0,00) — he(nisni +7) < fulod (2))
< he(F,0) + hy(0, 1) + he(ni,ni + j)
implying
=2[7ll1 + fal@) < falo? (@) <2[|flh + fal)
implying
) 1 ) 1 - -
f@) = lm = fu(e) = lim - fu(ole) = f(o (@)

almost everywhere. Since i is ergodic sl> = f is constant almost everywhere. Let i = (41,12, ...,1k,0,...
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7%. By the subadditive ergodic theorem

1 -
sl=(x) :/slz(:n)dy = lim /hx(O,m')d,u

n—oo n

IN

.1 S
— Z lim /hm(O,mkek)du
n—oo N,
k=1
d 1
Z\m lim /hm(O,né’k)d,u

d
= Y lirlsle, (@)
k=1

almost everywhere. O

IN

Corollary 4.5.3. Let H be a connected four-cycle free graph. Suppose p is an ergodic measure on
X3. Then for all i € R?

exists almost everywhere and is independent of x. Moreover if i = (i1,1i9,...,1q) then

Proof. Let i € Q% and N € N such that Ni € Z?% For all n € N there exists ¥ € NU {0} and
0 <m < N —1 such that n = kN +m. Then for all z € Xy

he (0, kNT) — N[y < he (0, [n7]) < he (0, kN7) + N|[i]1

proving
1 - 1
sl(x) = nh_r}rloo Eh (0, |ni]) = N kgrlm%h +(0,kN?7) = NSZN;(:U)
almost everywhere. Since sl is constant almost everywhere, we have that sl is constant almost

everywhere as well; denote the constant by c; . Also

Z |Nij|slg, (z Z |i| sl (x
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Let X C Xy be a set of configurations = such that

for all 7 € Q%. We have proved that u(X) = 1.
Fix z € X. Let 7, € R? such that |7 — j||; < e. Then

]. — - 1 — v d ]- i =2 2d
o @) = Shul0. 7D < 21— e < e 2
Thus we can approximate %hm(ﬁ, |ni]) for i € RY by %hm(ﬁ, [nj]) for j € Q7 to prove that

limp,— o0 2hy (0, |ni]) exists for all i € R%, is independent of z € X and satisfies

d
Z lik|sle, (
k=1

O

The existence of slopes can be generalised from generalised height functions to continuous sub-

cocycles; the same proofs work:

Proposition 4.5.4. Let ¢ : X x Z%* — R be a continuous sub-cocycle and p be an ergodic measure
on X. Then for all i € RY

-

slé(z) := lim lc(;v, |nil)

n—oo n

exists almost everywhere and is independent of x. Moreover if;: (i1,i2...,1q) then

d
sls(x Z lik|slg, (
k=1

Let C'x be the space of continuous sub-cocycles on a shift space X. Cx has a natural vector
space structure: given c1,co € Cx, (¢1 + acg) is also a continuous sub-cocycle on X for all « € R
where addition and scalar multiplication is point-wise. The following is not hard to prove and

follows directly from definition.

Proposition 4.5.5. Let X,Y be conjugate shift spaces. Then every conjugacy f : X — Y induces
an isomorphism f* : Cy — Cx given by

FH(e) (@, d) = e(f (), 1)

forallce Cy, z € X and i € Z%. Moreover sllﬁ(y) = sllf*(c)(ffl(y)) forally €Y andi € R? for
which the slope sl2(y) ewists.

99



4.6 Proofs of the Main Theorems
Proof of Theorem 4.2./. If ‘H is a single edge, then X4 is the orbit of a periodic configuration; the

result follows immediately. Suppose this is not the case. The proof follows loosely the proof of
Theorem 4.3.4 and morally the ideas from [52]: We prove existence of two kind of configurations in
X4, ones which are ‘poor’ (Lemma 4.6.1), in the sense that they are frozen and others which are
‘universal’ (Lemma 4.6.2), for which the homoclinic class is dense.

Ideas for the following proof were inspired by discussions with Anthony Quas. A similar result

in a special case is contained in Lemma 2.7.2.

Lemma 4.6.1. Let H be a connected four-cycle free graph and p be an ergodic probability measure

on Xy such that slz (x) =1 almost everywhere for some 1 <k < d. Then p is frozen and h, = 0.

Proof. Without loss of generality assume that slg, () = 1 almost everywhere. By the subadditivity
of the generalised height function for all k,n € N and x € X3 we know that

1

3
|

1 - 1
7h$ ) k " S 7
(0, knéy) .

n—1
q IR = Lo
o hy(kmér, k(m +1)ey) = - mEZO Ehgkmél @) (0, kér) < 1.

0

3
I

Since slg, (x) = 1 almost everywhere, we get that

almost everywhere. By the ergodic theorem
=
/khx(O,kel)d,u =1
Therefore h,(0, k&) = k almost everywhere which implies that
ha(iyi + kér) = k (4.6.1)

for alli € Z% and k € N almost everywhere. Let X C supp(u) denote the set of such configurations.

For some n € N consider two patterns a,b € Lp,us,B, (supp(r)) such that alg,p, = bla,B,-
We will prove that then a|p, = b|p,. This will prove that p is frozen, and so |Lp, (supp(p))| =
|La,5, (supp(p))| < |A|1%2Bnl implying that hyep(supp(i)) = 0. By the variational principle this
implies that h, = 0.

Consider x,y € X such that z|p,us,B, = a and y|B,us,B, = b. Noting that 02B,, is con-
nected, by Corollary 4.4.3 we can choose lifts ,§ € Xg, such that Z|s,5, = Jla,B,. Consider
any i € B, and choose k € —N such that i + kéy,i 4+ (2n + 2 + k)é; € dB,. Then by (4.6.1)
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dE’H (jf_t,_k;g’l ) i:z+(2n+2+k)51) =2n+ 2. But

(7 ke, LT (k+1)e - 733?+(2n+2+k)€1) and

(y?+k€1 Vi (ke yz+(2n+2+k)€1)

are walks of length 2n + 2 from Ty, 4z tO £;+(2n+2+k)51. Since Fy is a tree and the walks are of
minimal length, they must be the same. Thus Z|p, = y|p,. Taking the image under the map 7 we
derive that

O]

This partially justifies the claim that steep slopes lead to greater ‘rigidity’. We are left to
analyse the case where the slope is submaximal in every direction. As in the proof of Proposition

2.6.1 we will now prove a certain mixing result for the shift space X.

Lemma 4.6.2. Let H be a connected four-cycle free graph and |H| = r. Consider any x € X3 and
some y € Xy satisfying Rangeap . ), . sir (y) < 2k for some n € N. Then

1. If either H is not bipartite or xg,yg are in the same partite class of H then there exists z € Xy

such that
Zz =
1 P
yr i 1€ Digyngseik

2. If H 1is bipartite and x5, yg are in different partite classes of H then there exists z € Xy such

that
z,, if 1€Dy,
2z =
7 .p
Y7 Zf = D€d+1)n+3r+k'

The distance dn + 3r + k is not optimal, but sufficient for our purposes.

Proof. We will construct the configuration z only in the case when H is not bipartite. The con-
struction in the other cases is similar; the differences will be pointed out in the course of the

proof.

1. Boundary patterns with non-maximal range to monochromatic patterns inside.
Let ¢ be a lift of y and 7’ be the image of Q’D<d+1>n+3r+k+1- Let 7 be a minimal subtree of
FE4; such that

Image(gﬂaD(dH)nHrM) cTcT.
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Since Rangeop .y, (Y) < 2k, diameter(T) < 2k. By Proposition 4.3.1 there exists a
graph homomorphism f : 7/ — T such that f|7 is the identity. Consider the configuration
g given by

-1 f(g;) if s Day1ynt3rikt1

i

Uz otherwise.

The pattern

~1
Y ’D(d+1)n+3r+k+1 € ‘CD(d+1)n+3r+k+1(XT) - ﬁD(d+1)n+3r+k+1(XE’H)'

Moreover since f|7 is the identity map,

gl

D(Cd+1)n+3r+k = y|D(Cd+1)n+3r+k € ED(Cd+1)n+3r+k (XEH)

Since Xg,, is given by nearest neighbour constraints gleX By

Recall that the radius of a nearest neighbour shift of finite type (in our case X7 ) is the total
number of full config-folds required to obtain a stiff shift. Since diameter(7T) < 2k the radius
of X7 < k. Let a stiff shift obtained by a sequence of config-folds starting at X+ be denoted
by Z. Since T folds into a graph consisting of a single edge, Z consists of two checkerboard
patterns in the vertices of an edge in 7T, say ¥1 and ¥3. Corresponding to such a sequence of
full config-folds, we had defined in Section 4.3 the outward fixing map Ox. (44+1)n+3r+k- BY
Proposition 4.3.3 the configuration OXT,(d+1)n+3r+k(171) € Xg,, satisfies

"
OXT,(d+1)n+3T+k(y )|D(d+1)n+3r+1 S [’D(d+1)n+3r+1(z)

Oxr(a+1)n+3r+k (") D¢ = 7' pe =9lp

c .
(d4+1)n+3r+k (d+1)n+3r+k (d4+1)n+3r+k

Note that the pattern OXT,(d+1)n+3r+k(§1) uses a single symbol, say v;. Let

|8D(d+1)n+3r
7(01) = v1. Then the configuration y’ = 7T(OXT7(d+1)n+3r+k(g1)) € Xy satisfies

/ —
y |8D(d+1)n+37‘ - v1

Y |D(Cd+1)n+3r+k = y|D(cd+1)n+3r+k'

. Constant extension of an admissible pattern. Consider some lift & of x. We begin by
extending Z|p, to a periodic configuration #! € Xpg,,. Consider the map f : [-n,3n] —
[—n,n] given by

k if k € [-n,n]

7k) = |
2n —k if k € [n,3n].
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Then we can construct the pattern a € L_,, 5,,j4(Xp,,) given by

i in,oviq = Lf(ir),f(i2) e f (i)
Given k,l € [-n,3n] if |k — | = 1 then |f(k) — f(I)] = 1. Thus a is a locally allowed pattern

in Xg,,. Moreover since f(—n) = f(3n) the pattern a is ‘periodic’, meaning,

Qi1 402,50yl 1, =N 1yeesbid — FE1,82,00 )T —1,3M 41500l

for all 4y,i,...,9q4 € [-n,3n]. Also a|p, = #|p,. Then the configuration #' obtained by
tiling Z¢ with a|;_,, 3,,_1)¢, that is,

1~ - d
Lz = Q(3; mod 4n, iz mod 4n, ..., iq mod 4n)—(n,n,...,n) for all i € Z

is an element of Xp,. Moreover #'|p, = a|p, = #|p, and Image(i') = Image(i|g,).
Since diameter(B,) = 2dn, diameter(Image(')) < 2dn. Let T = Image(i'). Then
radius(Xs) < dn. Let a stiff shift obtained by a sequence of config-folds starting at X
be denoted by Z'. Since T folds into a graph consisting of a single edge, Z' consists of two
checkerboard patterns in the vertices of an edge in T, say w; and ws. Then by Proposition

4.3.3

Ix.n(#")|p, = #'p, = &b,

~1 /
Ly n(®)pg,,, ., € Log, oy (2):

We note that IX/]"—,n(i‘l)|8D(d+1)n,1

the configuration 2/ = W(Ixi,’n(jfl)) € Xy satisfies

consists of a single symbol, say w;. Let w(w1) = wy. Then

2|p, = z|p, and

/ _
€z |8D(d+1)n71 = w1.

. Patching of an arbitrary pattern inside a configuration with non-maximal range.
We will first prove that there exists a walk on H from w; to vy, ((w1 = u1),ug, ..., (usr+2 =
v1)). Since the graph is not bipartite, it has a cycle p; such that |p1| < r — 1 and is odd.
Let v’ be a vertex in p;. Then there exist walks po and p3 from w; to v’ and from v’ to vy
respectively such that |ps|, [ps| < r — 1. Consider any vertex w' ~y v1. If 3r + 1 — |p2| — |ps|
is even then the walk

’ 3r+1-|po|—|p3|
p2 * p3(*(vi,w’, vy) 2
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and if not then the walk

’ 3r+1—|p1l—Ip2|—Ip3l
P2 x p1 % p3(x(vy, w',vy) 2
is a walk of length 3r + 1 in H from w; to v;. This is the only place where we use the fact

that H is not bipartite. If it were bipartite, then we would require that x% and y% have to be

in the same partite class to construct such a walk.

Given such a walk the configuration z given by

/
D@y = l@rn
— / c
- y ‘D(d+l)n+37'
uw; forall 1 < ¢ <3r+2

< ’ D(Cd+1)n+37'

? ’aD(d+l)n+i72

. . . / _ _ / _
is an element of Xy for which z|p, = 2/|p, = z|p, and Z|D(Cd+1)n+3r+k =y |D(cd+1)n+3r+k: =

y|Dfd+1)n+3r+k'

O

We now return to the proof of Theorem 4.2.4. Let p be an ergodic probability measure adapted
to Xy with positive entropy.

Suppose slg (x) = 0; almost everywhere. By Lemma 4.6.1, §; < 1 for all 1 < i < d. Let
0 = max; 0; and 0 < € < 1 (1 — ). Denote by S%~!, the sphere of radius 1 in R? for the /! norm.
Since S%! is compact in R? we can choose a finite set {y,%5,...,7;} C S%! such that for all

7 € S9! there exists some 1 < i < t satisfying || — 7|1 < e. By Corollary 4.5.3 for all 7 € S9!

1 o
lim —hy(0, [nd]) < 0

n—oo n

almost everywhere. By Egoroff’s theorem [18] there exists Ny € N such that for all n > Ny and
1<i<t
p({z € Xy | he(0, [nT;]) < nb+ne forall 1 <i<t})>1—e (4.6.2)

Let ¥ € 0D,,_1 and 1 < ig < t such that \%17— Uiy| < €. If for some x € Xy and n € N
he (0, |n@, |) < nb + ne

then
ha (0, 7)) < he(0, |Gy |) + [n€] < nb + 2ne + 1.
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By Inequality (4.6.2) we get
] ({:1; € Xy | hy <6, LUJ) <nf+2ne+1 forall ve aDn_1}> >1—¢€
for all n > Ny. Therefore for all n > Ny there exists (™ € supp(u) such that
Rangesp, (:U(”)) < 2nf +4ne +2 < 2n(1l —€) + 2.

Let z € X3 and ng € N. It is sufficient to prove that u([z]p, ,) > 0. Suppose r := |H|. Choose
k € N such that

no(d+1)+3r+k+1 > Ny
2(no(d+1)+3r+k+1)(1—-¢)+2 < 2k
Then by Lemma 4.6.2 there exists z € X4 such that either
e if 7€ Dy,
J (no(d+1)+3r+k+1) cp 7
Ty ’ if 7€ Dy as1)+r+k
or
o T7ia if j € Dy,
J (no(d+1)+3r+k+1) Ce
T2 ’ if 5 € Dy ast)y+rke

In either case (z,z(P0(d+D+3r+k+1)) € Ay - Since p is adapted to Xy, 2 € supp(u). In the first
case we get that u([z]p,, ,) = p([z]p,,_,) > 0. In the second case we get that

—

(@] Dny 1) = 1o ([2] D,y 1)) = 1(l2] Dy 1y -21) > 0.

This completes the proof.
O

Every shift space conjugate to an entropy minimal shift space is entropy minimal. However a
shift space X which is conjugate to X for H which is connected and four-cycle free need not even
be a hom-shift. By following the proof carefully it is possible to extract a condition for entropy

minimality which is conjugacy-invariant:

Theorem 4.6.3. Let X be a shift of finite type and ¢ a continuous sub-cocycle on X with the
property that c(-,7) < ||illy for all i € Z% and for every ergodic probability measure i adapted to X

1. If slg. (x) = 1 almost everywhere for some 1 < i < d then hy, < hiop(X).

2. If sl (z) < 1 almost everywhere for all 1 < i < d then supp(p) = X.
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Then X 1is entropy minimal.

Here is a sketch: By Proposition 4.2.1 and Theorems 4.2.2, 4.2.3 it is sufficient to prove that
every ergodic measure of maximal entropy is fully supported. If X is a shift of finite type satisfying
the hypothesis of Theorem 4.6.3 then it is entropy minimal because every ergodic measure of
maximal entropy of X is an ergodic probability measure adapted to X; its entropy is either smaller
than hyp(X) or it is fully supported. To see why the condition is conjugacy invariant suppose
that f : X — Y is a conjugacy and ¢ € Cy satisfies the hypothesis of the theorem. Then by
Proposition 4.5.5 it follows that f*(c) € Cx satisfies the hypothesis as well.

Proof of Theorem /.1./. By Proposition 4.1.5 we can assume that H is connected. Consider some
(z,y) € Ax,,. By Corollary 4.4.3 there exist (Z,9) € Ax,, such that 7(Z) = z and 7(y) = y.
It is sufficient to prove that there is a chain of pivots from & to §. We will proceed by induction
on » = a4 dpg, (T7,9;). The induction hypothesis (on M) is : If > = /. dg,, (Z;,97) = 2M then there
exists a chain of pivots from T to g.

We note that dg,, (77, 7;) is even for all i € 72 since there exists i’ € Z% such that Ty = g, and
hence 7; and g; are in the same partite class of Fy, for all i ez

The base case (M = 1) occurs exactly when Z and g differ at a single site; there is nothing to
prove in this case. Assume the hypothesis for some M € N.

Consider (Z,9) € Ax,, such that

> dp, (F7,7;) = 2M + 2.
iczad
Let
B={jez!|&;+#j}

and a vertex v € Fy. Without loss of generality we can assume that

max dEH (f), f;) > max dEH (f), Q;) (463)
icB ieB
Consider some ;0 € B such that
dEH (77, 53;0) = I;neé? dEH (f}, f:;)
Consider the shortest walks (0 = 01, 02,...,0, = 50;0) from o to 27 and (0 =10],05,...,0, = 3];0)
from ¥ to ;- By Assumption (4.6.3), n’ < n. Since these are the shortest walks on a tree, if
0, = Uy for some 1 <k <n’ and 1 <k’ <n then k =k and ¢, = ¢; for 1 <1 < k. Let

ko = max{l < k <n' |0, = O}
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- L o - U P
Then the shortest walk from Iy to g is given by Ty = Uy Op—1,Un—2; - -+ s Uy Oy g5+ - -5 Uy = Y. -

We will prove for all 7 ~ g, Tz = Up—1. This is sufficient to complete the proof since then the

configuration

is an element of Xg, , (7, (1) is a pivot and

~(1) ~ -
n+n —2ky—2= dEH(xg ),ygo) < dEH(;U;O,y;O) =n+n — 2k

0
giving us a pair (21, ) such that
S de, (@5 = Y diy, (7,5:) — 2 = 2M.
iczad iczad
There are two possible cases:
1. i € B: Then dp,, (0,%;) = dg, (17,:%;0) — 1 and &7 ~p, 7. Since Ey is a tree, T7 = Up1.

2. Z¢ B: Then Z; = g; and we get that dp,, (:i;ﬂ,g;o) = 2. Since I7 ~p,, 7, the shortest walk
joining v and Z7 must either be v = 01,09, ...,0p-1 = Ty0r 0 = 01,02, ...,0, = ff;’o,'f)n_l,_l = T;.
We want to prove that the former is true. Suppose not.

Since Yz, ~By I3 and i € B, the shortest walk from ¢ and Uz, I8 0 = 01,02,...,0p =

T3, Un+1 = Ty, Ung2 = §; . This contradicts Assumption (4.6.3) and completes the proof.
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Chapter 5

Further Directions

5.1 Markov Random Fields and Gibbs States with Nearest
Neighbour Interactions

In Chapter 2 we introduced Markov cocycles and used them to study Markov random fields and
Gibbs states with nearest neighbour interactions. When the underlying configuration space is a
shift space with the pivot property the space of shift-invariant Markov cocycles is finite dimensional;
it can act as a substitute for shift-invariant nearest neighbour interactions for giving a description
of the specification “using finitely many parameters”. In Chapter 3 we introduced a new notion
of folding called strong config-folding and used it to generalise the Hammersley-Clifford theorem

when the underlying graph is bipartite.

5.1.1 Supports of Markov Random Fields

Which shift spaces can be the support of a shift-invariant Markov random field on the Cayley graph
of Z%? A necessary condition is that they must be topological Markov fields which are the support
of some shift-invariant probability measure. For d = 1 this condition is sufficient as well and the
support of shift-invariant Markov random fields are further characterised as the non-wandering
nearest neighbour shifts of finite type [12]. However we do not know whether the condition is
sufficient in higher dimensions. Also: Suppose a shift of finite type is the support of some shift-
invariant Markov random field. Must it also be the support of a shift-invariant Gibbs state for

some shift-invariant nearest neighbour interaction?

5.1.2 Algorithmic Aspects

Suppose we are given a nearest neighbour shift of finite type X C AZ"with the pivot property
along with its globally allowed patterns on {0} U &{0}. Is there an algorithm to determine the

dimension of M%(d? If so, is there a way to decide which of the shift-invariant Markov cocycles have
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a corresponding fully supported shift-invariant probability measure on the subshift? In case the
subshift has a safe symbol, such an algorithm can be derived from the proof of the Hammersley-
Clifford Theorem [43] and also from Lemma 3.1 in [15]. More generally, in case the subshift strongly
config-folds to {*}Zd for some * € A such an algorithm can be derived from the proof of Theorem
3.3.2.

5.1.3 Markov Random Fields for other Models

There are other models for which it would be interesting to get a good description of the Markov
random fields and Gibbs states. One such family is the r-colourings of Z¢ with r > 2d+2. The space
of domino tilings of Z? is another interesting model. For these examples we know the generalised
pivot property (defined in Subsection 5.2.4) holds, so the space of shift-invariant Markov cocycles
is finite dimensional. We believe that some of the techniques developed Chapters 2 and 3 will be

useful in studying other systems.

5.1.4 Changing the Underlying Graph

Our results in Chapter 2 were dependent on the structure of the standard Cayley graph of Z¢.
How does the underlying graph affect our results? What happens if we choose a different set of
generators?

Further, by Theorems 3.3.1 and 3.3.2 we have generalised the Hammersley-Clifford Theorem,
but only when the graph G is bipartite. Can this be generalised beyond the bipartite case? Note
that G being bipartite is used in many critical parts of the proof e.g. the construction of the elements

¥ in Lemma 3.3.3, construction of the interaction in Lemma 3.3.4 etc.

5.1.5 Mixing Properties of Subshifts and the Dimension of the Invariant
Markov Cocycles

In Section 2.8, we constructed a subshift such that the dimension of the space of shift-invariant
Markov cocycles is uncountable. However this subshift has poor mixing properties (See [4] for a
discussion of some mixing properties of Z?-subshifts). On the other hand the safe symbol assump-
tion implies that the space of shift-invariant Markov cocycles is the same as the space of Gibbs
cocycles with shift-invariant nearest neighbour interactions (and hence finite dimensional). Are
there some natural mixing conditions for shift spaces which imply that the space of shift-invariant

Markov cocycles is finite-dimensional?

5.1.6 Identifying Hammersley-Clifford Spaces

Suppose a finite graph H can be folded into a single vertex (with or without a loop) or an edge. We
have proved that for any bipartite graph G the space Hom(G, H) is Hammersley-Clifford. We have

also shown that the strong config-folds and strong config-unfolds of Hammersley-Clifford spaces

109



are Hammersley-Clifford spaces as well. Following [6] we will call a graph H stiff if it cannot be
folded anymore. Fixing a particular domain graph say Z?2, is it possible to classify all stiff graphs H
for which Hom(Z*,H) is Hammersley-Clifford? What if we want Hom(G,H) to be Hammersley-
Clifford for all bipartite graphs G?

5.2 Hom-shifts, Entropy Minimality and the Pivot Property

In Chapter 4 we proved entropy minimality and the pivot property for a special class of hom-shifts

viz. Xy where H is a finite connected four-cycle free graph.

5.2.1 Identification of Hom-Shifts

Can we determine when a shift space is conjugate to a hom-shift?

Being conjugate to a hom-shift lays many restrictions on the shift space, for instance on its
periodic configurations. Consider a conjugacy f : X — X3 where H is a finite undirected graph.
Let Z C Xy be the set of configurations invariant under {o2% le. Then there is a bijection

between Z and L£4(Xy) where A is the rectangular shape

d
A={> 6iei |6 €{0,1}}
=1

because every pattern in £4(Xy) extends to a unique configuration in Z. More generally given a
graph H it is not hard to compute the number of periodic configurations for a specific finite-index
subgroup of Z?. Moreover periodic points are dense in these shift spaces and there are algorithms
to compute approximating upper and lower bounds of their entropy [19, 30]. Thus the same holds
for the shift space X as well. We are not familiar with nice decidable conditions which imply that

a shift space is conjugate to a hom-shift.

5.2.2 Hom-Shifts and Strong Irreducibility

Which hom-shifts are strongly irreducible?

We know two such conditions:

1. [6] If H is a finite graph which folds into H' then X is strongly irreducible if and only if X3y
is strongly irreducible. This reduces the problem to graphs A which are stiff. For instance if
‘H is dismantlable, then Xy is strongly irreducible.

2. [5] X3 is single site fillable. A shift space X C AZ* is said to be single site fillable if for all
patterns a € A0} there exists a locally allowed pattern in X7, b € AP* such that b|8{6} =a.
In case Xr = Xy for some graph H then it is single site fillable if and only if given vertices

V1, V2, ..., Usq € H there exists a vertex v € ‘H adjacent to all of them.
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It follows that X is single site fillable and hence strongly irreducible for d = 2. In fact strong
irreducibility has been proved in [5] for shifts of finite type under a property weaker than single
site fillability called TSSM. This does not cover all possible examples. For instance it was proved
in [5] that X, is strongly irreducible for d = 2 even though it is not TSSM and K} is stiff. We do
not know if it is possible to verify whether a given hom-shift is TSSM.

We remark that results about TSSM are in contrast to the results obtained in Chapter 4. It
can be concluded from the results in Chapter 4 that X7 is not even block-gluing (a weaker mixing

property than strong irreducibility) when H is four-cycle free.

5.2.3 Hom-Shifts and Entropy Minimality
Given a finite connected graph H when is X3 entropy minimal?
We have provided some examples in Chapter 4:
1. #H can be folded to a single vertex with a loop or a single edge. (Proposition 4.3.4)

2. H is connected and four-cycle free. (Theorem 4.1.2)

This does not provide the complete picture. For instance X, is strongly irreducible when d = 2
and hence entropy minimal even though K is stiff and not four-cycle free. A possible approach
might be via identifying the right sub-cocycle and Theorem 4.6.3.

Conjecture: Let d = 2 and H be a finite connected graph. Then Xy is entropy minimal.

5.2.4 Hom-Shifts and the Pivot Property
We had provided some examples of graphs H for which the shift space X3 has the pivot property
in Section 2.2.2. In Chapter 4 we gave two further sets of examples:

1. H can be folded to a single vertex with a loop or a single edge. (Proposition 4.3.5)

2. H is four-cycle free. (Theorem 4.1.4)

It is not true that all hom-shifts have the pivot property. The following was observed by Brian

1 2 3 4 5
3 12
s 1 2 3 4
2 3 4 5 1
4 5 1 2 3

Figure 5.1: Frozen Pattern

Marcus: Recall that K, denotes the complete graph with n vertices. Xg,, X, do not possess the
pivot property if the dimension is 2. For instance consider a configuration in X, which is obtained

by tiling the plane with the pattern given in Figure 5.1. It is clear that the symbols in the box can
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be interchanged but no individual symbol can be changed. Therefore X, does not have the pivot
property. However both Xy, and X, satisfy a more general property:

A shift space X is said to have the generalised pivot property if there is an r € N such that for
all (z,y) € Ax there exists a chain (2! = z),22,23,..., (y = 2") € X such that ' and x'*! differ
at most on some translate of D,..

If a shift space X satisfies this generalised property then M%;l is a finite-dimensional vector
space. It can be shown that that any nearest neighbour shift of finite type X C A% has the
generalised pivot property. In higher dimensions this is not always true; consider the subshift Y
constructed in Section 2.8; since M%,d is infinite dimensional it follows that Y does not have the
generalised pivot property. It is not hard to prove that any single site fillable nearest neighbour
shift of finite type has the generalised pivot property. This can be generalised further: in [5] it is
proven that every shift space satisfying TSSM has the generalised pivot property. The space of
domino tilings forms another interesting and well known example for a subshift with the generalised
pivot property [17].

For which graphs H does Xy satisfy the pivot property? What about the generalised pivot
property?
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