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CHAPTER 12+ FUNCTIONS OF SEVERAL VARIABLES

EPY REVIEW EXERCISES |

1. Explain why or why not Determine whether the following state-

¥ o2
ments are true and give an explanation or counterexample. 18. x = 64 9
a. The equation 4x — 3y = 12 describes a line in R%,
b. The equation z> = 2,2 — 6y determines z as a single function g, y—e T =0
of x and y.
c. If f has continuous partial derivatives of all orders, then 2
XXy = f yyxe

d. Given the surface z = f(x, y), the gradient Vi (a, b) lies in
the plane tangent to the surface at (a, b, f(a, b)).

e. There is always a plane orthogonal to both of two distinct
intersecting planes,

2. Equations of planes Consider the plane that passes through the
point (6, 0, 1) with a normal vector n = (3,4, -6).
a. Find an equation of the plane.
b. Find the intercepts of the plane with the three coordinate axes.
¢. Make a sketch of the plane.

Equations of planes Consider the plane passing through the
points (0, 0, 3), (1,0, —-6), and (1,2,3).
a. Find an equation of the plane.

b. Find the intercepts of the plane with the three coordinate axes.
¢. Make a sketch of the plane.

4-5, Intersecting planes Find an equation of the line that forms the
intersection of the Jollowing planes Q and R.

4, Q:2x+y—z=0, Ri—x+y+z=1

5. Q:-3x+y+22=0, Ri3x+3y+4z-12=0

6-7. Equations of planes Find an equation of the following planes.

6.  The plane passing through (2, =3, 1) normal to the line
(yz) =2 +1,3,2 - 3r)

Z

The plane passing through (-2, 3, 1), (1, 1, 0), and (—1,0, 1)

8-22. Identifying surfaces Consider the surfaces defined by the
Jollowing equations.

a. Identify and briefly describe the surface.
b. Find the xy-, Xz-, and yz-traces, if they exist.
. Find the intercepts with the thre

e coordinate axes, if they exist,
d. Make a sketch of the surface.
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23-26. Domains Find the
rough sketch of the domain

23. ,y) =
3 f(-x)’) y2+x2

25 f(x,y) = Vx —)?

27. Matching surfaces Match functions a

figure.

A z=V22+ 3 + 1 -
b. z = —3)?

€ z=2x =32 4]

d 2=V2d + 37 -1

28-29. Level curves Make a

lowing functions. Label at least two level curves with their z-values.

28. flxy)=x*—y

30. Matching level curves with surfaces Match level curve plo

with surfaces A-D.
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domain of the Jollowing functions. Make a
in the xy-plane,

2. f(x,y)=1In (xy)

26. f(x,y) = tan (x + y)

—d with surfaces A—D in the
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29. f(x,y) = 2x* + 4y?
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~ 60-61. Level curves Consider the paraboloid f(x,y)
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55. h(x,y)= V2 + 22+ % 1) w= (33

56. f(x,y,2) = xy +yztxz+ 4 (2-21pu= (o,

L

.t
V7' 2)
57. f(x,y,z) =1 +sin(x +2y -~ 2); (%,%1 —Tﬂ);“ & (%%

58-59. Direction of steepest ascent and descent

e
—_—

a. Find the unit vectors that give the direction of steepest ascent

and steepest descent at P.
b. Find a unit vector that points in a direction of no change.

58. f(x,y) =Mm(l + xy); P(2,3)
59. f(x,y) = VA -2 —y5 P(-L1)

=8 - 23—y,
For the following level curves f(x, y) = C and points (a, b), compute
the slope of the line tangent to the level curve at (a, b) and verify that the
tangent line is orthogonal to the gradient at that point.

60. f(x,y) =35 (ab)=(11)
61. f(x,y)=0; (a,b) = (2,0)

62. Directions of zero change Find the directions in which the func-
tion f(x,y) = 4x> — y* has zero change at the point (1, 1,3):

Express the directions in terms of unit vectors.

63. Electric potential due to a charged cylinder. An infinitely long
charged cylinder of radius R with its axis along the z-axis has an
electric potential V = k In (R/r), where r is the distance between a
variable point P(x, y) and the axis of the cylinder (=24 o)
and k is a physical constant. The electric field at a point (x, y) in
the xy-plane is given by E = —VV, where VV is the two-
dimensional gradient. Compute the electric field at a point (x, y)
with » > R.

64—67. Tangent planes Find an equation of the plane tangent to the
following surfaces at the given points.

64, xysinz —1=0; (1,2,%)and(-2,-1)
65. yze — 8= 0; (0,2,4)and (0,~8,—1)

66, z =12, (2,2,4)and (—1,-1,1)

67. z=In(1+ xy); (1,2,In3)and (=2, —1,In3)

[ 68-69. Linear approximation

a. Find the linear approximation (the equation of the tangent
plane) at the point (a, b).
b. Use part (a) to estimate the given function value.

68. f(x,y) = 4cos(2x — y) (a,b) = (%,%);
estimate (0.8, 0.8).

69. f(x,y) = (x +y)e? (a,b) = (2, 0); estimate £(1.95,0.05).

70. Changes in a function Estimate the change in the function
f(x,y) = =2y + 3x + xy when (x, y) changes from (1,-2)

to (1.05, —1.9).

71. Volume of a cylinder The volume of a cylinder with radius r

and height i is V = srr?h. Find the approximate percent change
in the volume when the radius decreases by 3% and the height
increases by 2%.

72. Volume of an ellipsoid The volume of an ellipsoid with axes of
length 2a, 2b, and 2c is V = wabe. Find the percent change in the
volume when a increases by 2%, b increases by 1.5%, and ¢ de-
creases by 2.5%.

73. Water level changes A hemispherical tank with a radius of 1.50 m
is filled with water to a depth of 1.00 m. Water is released from the

tank and the water level drops by 0.05 m (from 1.00 m to 0.95 m).

a. Approximate the change in the volume of water in the tank.
The volume of a spherical cap is V = ah® (3r — h)/3, where r
is the radius of the sphere and / is the thickness of the cap (in
this case, the depth of the water).

b. Approximate the change in the surface area of the water in
the tank.

74-77. Analyzing critical points [dentify the critical points of the
following functions. Then determine whether each critical point corre-
sponds to a local maximum, local minimum, or saddle point. State
when your analysis is inconclusive. Confirm your results using a
graphing utility. '

74, f(x,y) = x*+ y' — 16xy

75. f(x,y) = /3 — ¥f3 + 2xy

76. f(x,y) = xy(2 + x)(y = 3) (k.o

77, f(x,y) =10 — A=y =32+ 3

78-79. Absolute maxima and minima Find the absolute maximun

and minimum values of the following functions on the specified sel. o

78. f(x,y) = xf3 - y*/3 + 2xy on the rectangle s
[ayi=a=3-1=y= 1}

79. f(x,y) = x* + y* — 4xy + 1 on the square
[(ryp—-2=2=2-2=y= 2}

80. Least distance What point on the plane x + y -+ 4z = 8is
closest to the origin? Give an argument showing you have fo‘ ik
an absolute minimum of the distance function. : ‘ G
§1-84. Lagrange multipliers Use Lagrange multipliers tofind
the minimum and maximum values of f subject 1o the given
constraint. i

81. f(x,y) = x + 2y subjectto M+y=1

82, f(x,y) = x*)* subject to 2x* + y* =1

83. f(x,y,2) = x + 2y — zsubject 02 + 3y + 2
84. f(x,y,2) = x%y’z subject to 2wl + 2 + =125 '
85. Maximum perimeter rectangle Use Lagrange mult'iI:)I_.i.

the dimensions of the rectangle with the maximum peraig
can be inscribed with sides parallel to the coordmatt‘f
ellipse x*/a® + y/b* = 1.

86. Minimum surf:
: ace area cylinder U
find the di ; . se Lagrange foine
surfacee d1me1‘1810ns‘of the right circular cilindgermll1 lth l_l elsta
L e (including the circular ends) wi S
327 ind, s) with a volume of

87. Mini i
Imum distance to a cone Find the point(s) on the con
c
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F il 2 —] X
¥© = 0 that are closest to the point (1, 3, 1). Give an
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88. Gradient of a distance
in R* and let d(x, ¥,z
point P(x, y, z).

2. ComPUte Vd(xa Y, Z).
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